Restraint Characteristics of Flexible Riveted and Bolted Beam-to-Column Connections by Lewitt, C.W. et al.
STRUCTURAL RESEARCH SERIES NO. 296 
PRIVATE COMMUNICATION 
NOT AfOR PUBLICATION 
RESTRAINT CHARACTERISTICS F FLEXIBLE RIVETED 
AN B LTE -T -C LU N C NNECTI NS 
by 
C. W.LEWITT 
E. CHESSON, JR. 
and 
W.H.MUNSE 
DEPARTMENT Of CIVIL ENGINEERING 
UNIVERSITY Of ILLINOIS 
URBANA, ILLINOIS 
MARCH 1966 
RESTRAINT CHARACTERISTICS OF FLEXIBLE RIVETED 
AND BOLTED BEAM-TO-COLUMN CONNECTIONS 
by 
C. W. Lew itt 
E. Chesson, Jr. 
and 
W. H. Munse 
Department of Civil Engineering 
Un ivers ity of 111 inois 
Urbana, 111 inois 
March, 1966 
TABLE OF CONTENTS 
LIST OF TABLES . 
LIST OF FIGURES. 
I . INTRODUCT I ON . 
1.1 
! ! • 
III. 
I V. 
1. Riveted and Bol ted Structural Connections 
2. Object and Scope of Investigation 
3. Acknow 1 ed gemen ts. . . . . . . . .. 
THE BEHAVIOR OF FLEXIBLE CONNECTIONS. 
MOMENT-ROTATION PREDICTION BASED UPON LOAD-DEFORMATION 
CHARACTERISTICS OF ANGLE SEGMENTS IN TENSION .... 
4. Method of Predicting Restraint Characteristics. 
5. Location of Center-of-Rotation ........ . 
6. Prediction of Load-Deformation Relationships of Angle 
Segments in Tension ........... . 
7. The Load-Deformation Relationship Expressed as an 
Equation ............... 0 •• 
8. Moment-Rotation Relationships of Connection Angles 
Expressed in Equation Form. 
DE SIGN CON S I DE RAT I ON S 
9. Constant-Load and Constant-Stress Beam Lines. 
10. Safety Factor .. 
1 1. Allow a b 1 eSt res s Des i g n 
12. Beam Weight Savings 
13. Conclusions. 
BIBLIOGRAPHY. 
TABLE. . 
FIGURES. 
APPENDIX A 
APPENDIX B 
APPEND I X C 
i i 
iii 
iv 
1 
3 
5 
6 
10 
10 
11 
12 
19 
20 
24 
24 
26 
28 
32 
34 
35 
36 
37 
61 
84 
144 
Table 
1 . 
A-I 
B-1 
B-2 
C-l 
C-2 
C-3 
LIST OF TABLES 
Values of C and n for Use in Determination of Load-
Deformation Relation of Angle Segments Loaded in 
Tension .. 
Specimen Properties 
Connection Angle Properties 
Comparison of Center-of-Rotation Location at Equal 
Deformation at Tension End of Connection Angles Based on 
Data from Mechanical Dials ........... . 
Compa rison of Pred icted Moment-Rotation Data wi th Test 
Data for Spec i men FK-4P 
Compa rison of Predicted Moment-Rotation Data wi th Test 
Data for c: • .... pec I men WK~4. 
Compa rison of Predicted Moment-Rotation Da ta with Test 
Data for Spec i men WK-4 and FK-4P. 
iii 
36 
71 
100 
101 
148 
149 
150 
Figure 
I . 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 
J I. 
12. 
13. 
14. 
15. 
16. 
17. 
LIS T 0 F FIG U RE S 
Common Types of Beam to Column Connections ... 
Deformations of Flexible Type Connection Angles. 
Location of the Center-of-Rotation ... 
Typical Relationship Between Moment and Rotation for a 
Flexible Connection .............. . 
Flexible Connection Compared to a Series of Angle 
Segments in Tension and Compression ... 
Connection Geometry Assumptions Concerning Angle Restraint 
Determination of Load Displacement Relationships for Angle 
Segment. . . . . . . .. . ... 
Moments in Angle Due to a One Kip Load Appl ied Vertically 
at C . . . . . . .... 
Location of Plastic Hinges for Prediction of Load-
De format ion Re I at i onsh ips. ..... 
Construction to Determine Hinge Location for an Assumed 
Movement of Beam Connected Leg . . . .. . ... 
Geometrical Relationships Used to Determine Vertical 
Force Associated with a Vertical Movement ..... . 
Comparison of Test Results with Predicted Load-Deformation 
Data for Angle Segments in Tension ........... . 
Comparison of Moment-Rotation Curves Determined by Theory 
and by Test. . ..... . 
Influence of Lid on End-Moment 
Determination of End-Moment to Maintain Desired Safety 
Factor . . . .. ...... . ......... . 
Increase in Column Moment as a Result of Considerin~ 
End-Moment . . . . . 
End Moment for Case where Beams of Equal Depth and the Same 
Connection, but Different Lid, Frame Opposite. 
iv 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
F i gu re 
18. 
19. 
20. 
21. 
22. 
23. 
A-l 
A-2 
A-3 
A-4 
A-5 
A-6 
A-7 
A-8 
A-9 
A-10 
A-ll 
A-12 
LIS T 0 F F! G U RE S ( Con tin u e d ) 
End Moment for Case where Beams of Different Depth Frame 
Opposite, but Lid and Connection are the Same ... 
End Moment for Case of Different Loading Conditions in 
Adjacent Spans 
End Moment Determination for Different Length Connections 
Framing Opposite. . . . .... 
End Moment Provided by Flexible Connections. 
Relationship Between End Moment and Lid. 
Relationship Between Section Modulus and Weight for the Most 
Economical WF Sections. . . . . . . . ..... 
Approximate Saving in Weight with Per Cents of Fixity for 
Beam Uniformly Loaded. . . . . ..... 
Determination of Load-Displacement Relationship for 
Connection Angles ................ . 
Typical Test Set Up for Tension and Compression of Angles. 
Typical Angle Segment Test Specimens .. 
Load-Deformation Curve for Specimen C-1. 
Comparison of Behavior of Specimen C-l and T-4 
Specimen PS-l ..... 
Specimen PS-2 and PS-3 
Load-Deformation Curves for Specimens PS-2 and PS-3. 
Fringe Locations on Angle Segment with High Sensitivity 
Plastic-Specimen 1"'\1'" ..., r.:> -,) . 
Specimen PS-3 ~ Fringe Location at 8 Kips. 
Details of Specimens T-3 and T-4 . 
Specimens T-3 and T-4 ~ Load-Deformation Curves. 
v 
54 
55 
56 
57 
58 
59 
60 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
F i gu re 
B-1 
B-2 
B-3 
B-4 
B-5 
B-6 
B-7 
B-8 
B-9 
B-l0 
B-l1 
B-12 
B-13 
B-14 
B-15 
B-16 
B-17 
B-18 
B-19 
LIST OF FIGURES (Continued) 
Typical Specimen and Test Setup. 
Typical Details of Specimens and Instrumentation 
Deta i 1 s of Spec i men FK-3 . . 
Moment-Rotation Curve for Specimen FK-3. 
Determination of Location of Center-of-Rotation. 
Location of Center-of-Rotation Based on Readings from 
Mechan i ca 1 D i a 1 s - Spec i men FK-3 . . . . . . 
Location of Strain Gages and Average Strains -
Specimen FK-3. . . . ...... . 
Details of Specimens FK-4AB, FK-4AB-M and FK-4P. 
Moment-Rotation Curves for Specimen FK-4AB 
Strains on Angle Leg Against Column Flange - Specimen FK-4AB 
Average Strains Along Length of Angle Leg Next to Beam 
Web - Spec i men FK-4AB. . . . . . . . . 
Location of Center-of-Rotation Based on Readings from 
Mechanical Dials - Specimen FK-4AB ..... 
Moment-Rotation Curves for Specimen FK-4AB-M 
Deformation that Connection Angles can Sustain Prior to 
Fa i 1 u r e - S pe c i me n F K - 4A B - M . . . . . 
Average Strains Along Length of Angle Leg Next to .Beam 
Web - Specimen FK-4AB-M. . . . .... 
Location of Center-of-Rotation Based on Readings from 
Mechanical Dials - Specimen FK-4AB-M .... 
Location of Center-of-Rotation Determined by Strain Gages 
and Mechanical Dials - Specimen FK-4AB-M 
Specimen FK-4P after Test. 
Moment-Rotation Curves for Specimen FK-4P. 
vi 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 
113 
114 
115 
116 
117 
118 
119 
120 
F i gu re 
B-20 
B-21 
B-23 
B-24 
B-25 
B-26 
8-27 
B-28 
B-29 
B-30 
B-31 
B-32 
B-33 
B-34 
B-35 
B-36 
B-37 
B-38 
B-39 
LIST OF FIGURES (Continued) 
Location of Center-of-Rotation Based on Readings from 
Mechanical Dials - Specimen FK-4P. . ..... 
Details of Specimen WK-4 . 
Moment-Rotation Curves for Specimen WK-4 
Location of Center-of-Rotation Based on Readings from 
Mechanical Dials - Specimen WK-4 . 
Details of Specimen FB-4 and FB-4A 
Moment-Rotation Curves for Specimen FB-4 
Location of Center-of-Rotation Based on Readings from 
Mechanical Dials - Specimen FB-4 ....... . 
Location of Strain Gages and Average Strain - Specimen FB-4. 
Moment-Rotation Curves for Specimen FB-4A .... 
Location of Center-of-Rotation Based on Readings From 
Mechanical Dials - Specimen FB-4A. . ... 
Details of Specimen FK-5 . 
Moment-Rotation Curves for Specimen FK-5 
Location of Center-of-Rotation Based on Mechanical Dials -
Spec i men FK-5. . . . . . . . . . 
Location of Strain Gages and Average Strain - Specimen FK-5. 
Details of Specimen WB-10AB. 
Moment-Rotation Curves for Specimen WB-10AB. 
Location of Center-of-Rotation Based on Mechanical Dials -
Specimen WB-10AB . . . . . ..... . 
Specimen WB-10AB Showing Angle with Photo-Elastic Material 
Comparison of Moment-Rotation Curves for Specimens with 
Different Fasteners and Different Fastener Assembl ies .. 
Specimen with Angles Bolted to the Beam Web Compared with 
Specimen with Angles Riveted to the Beam Web .... 
vii 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
Figure 
8-40 
8-41 
LIST OF FIGURES (Continued) 
Comparison of Moment-Rotation Curves from Connections 
Made to Co 1 umn F 1 an ges and Web . . . . . . . . . . . 
Effect of Angle Thickness on Moment-Rotation Curves. 
8-42 Effect of Number of Lines of Rivets in Web Connected Leg 
on Moment Rotation Curves .. 
C-l Method for Determining Moment-Rotat'ion Characteristics 
from Tension Test .................. . 
vii i 
141 
142 
143 
151 
ix 
ABSTRACT 
The behavior of flexible riveted and bol ted beam-to-column con-
nections is described along with the factors which influence their moment-ro-
tation characteristics. The location of the center-of-rotation of the con-
nection angles and the load-deformation relationships, as determined for short 
angle segments, are considered to be the most significant factors necessary 
to establ ish the relationship between moment .and rotation of a connection. 
It is shown that the load-deformation expressions for angle segments can be 
determined analytical 1y for deformations that are sufficiently large to insure 
plastic hinges at three critical locations in the angles. Based on the data 
from tests conducted on full size flexible connections the location of the 
center-of-rotation can be shown to be a function of the deformation of the 
connection angles. 
Moment-rotation information is readily determined for connection 
angles of thicknesses up to and including those 7/16 inches thick, and with from 
two to ten rows of fasteners. In the development of these relationships the 
influence of variables such as gage, fil let radius, yield point, fastener 
size and angle thickness are also considered. 
Recommendations are made for the util ization of the restraint 
characteristics of flexible connections in design. The savings in beam weight 
are shown to be as great as six or seven per cent and the reduction in depth 
usually 2 or 4 inches, depending on loading condition and framing. 
RESTRAINT CHARACTERISTICS OF FLEXIBLE 
RIVETED AND BOLTED BEAM-TO-COLUMN CONNECTIONS 
I. INTRODUCTION 
1. Riveted and Bol ted Structural Connections 
Riveted and bolted structural steel connections which join beams to 
columns or girders have generally been divided into three broad groupings, 
flexible, semi-rigid and rigid, depending upon the degree of rotation restraint 
that they provide (see Figure 1 for typical examples). Hechtman and Johnston 
( 1 ) -'~ have described these groupings as follows: " 
"l. Flexible Connections are those which are capable of 
carrying the end shear, but which allow relatively free rotation 
between the end of the beam and the column. A flexible connec-
tion approaches the common assumption of pin end supports, in 
which case the beams are designed for full simple beam moment. 
This has been the general practice in the case of standard 
riveted building connections. 
2. Semi-Rigid Connections are intermediate between rigid 
and flexible connections and transmit appreciable bending moment, 
with some rotation between the end of the beam and the column. 
Many connections assumed as Iflexible l are inherently Isemi-rigid,i 
thereby developing end moments which have not been considered in 
the design. 
3. Rigid Connections are those in wnlcn the relative 
rotation between the end of the beam and the column is reduced 
to a minimum by the use of stiff connections, as in the case of 
continuous frames where ful I continuity is assumed in the 
ana I ys is .II 
In practice, however, it has been simpler and more convenient to divide the 
connections into two groupings, completely flexible or completely rigid, and to 
ignore the condition which is actually more prevalent--partially fixed. 
Structures designed in accordance with the simpl ifying assumption 
that connections are either unable to resist moment,or,else are able to develop 
,', Numbers in parentheses indicate a reference number in the bibl iography. 
2 
the full fixed end moment of a beam have performed successfully; as a resul t, 
designers have developed considerable confidence in this procedure. Unfortu-
nate1y, the simp1 ifications that are so desirable from the viewpoint of a de-
signer stand in the way of a true appreciation of the actual behavior of 
s t r u c t u r a 1 con ne c t ion s . 
The behavior of riveted beam-to-co1umn connections has been the 
subject of considerable research and speculation for a number of 
(1,2,3,4,5,6) E . l' years. xperlmenta Investigations have provided data concerning 
the moment-rotation characteristics of selected connections but there have been 
insufficient tests to provide an indication of the behavior of the many combi-
nations of connections that are possible, Unfortunately, the complex behavior 
of riveted beam-to-column connections has made it difficul t to develop ana-
lytical methods to predict their response to moment. 
The failure-free performance of a structural element does not in it-
self indicate good design; good design also impl ies efficient and economical 
utilization of material. A further requirement for good design is that 
structural components be able to support overloads up to but not exceeding 
those dictated by the factor-of-safety. To accompl ish this additional re-
~uirement the performance of members must be understood and design specifi-
cations must reflect actual behavior. 
In the late 1940's interest was shown in the possibil ity of using the 
ASTM A325 high-strength bo1 t as a structural fastener. By the e~rly 1950
'
s the 
high-strength bolt (properly tightened) had been accepted as a proven substi-
tute for most rivets. Whether the new high-strength bolt would behave simi-
1ar1y to the fami1 iar rivet in beam-to-column structural connections remained 
to be investigated. 
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In the mid-1950 1s the Research Council on Riveted and Bol ted 
S t rue t u r a 1 J 0 i n t s aut h 0 r i ze d ate s t pro 9 ram a t the Un i ve r sit Y 0 f I 1 1 i no i s to 
evaluate the effect of substituting high-strength bolts for rivets in beam-to-
column connections. The specimens selected for this study were similar to the 
members used by Hechtman and Johnston in a test program of riveted 
connections. (1) To increase the usefulness of the III inois research beyond a 
comparison of riveted and bol ted joints, the study was broadened to include an 
investigation of the possibility of predicting analytically the behavior of 
flexible beam-to-co1umn connections. 
Most of the specimens in the experimental program at Illinois were of 
the type commonly described as flexible (a typical example is shown in Figure 1). 
The analytical investigation was centered around such connections. 
2. Object and Scope of Investigation 
The flexible connection shown in Figure 1 was formerly designated by 
the Ame ric an! n s tit ute 0 f S tee 1 Con s t rue t ion (7) a s a I 1st and a r d be a m co nne c t i on I I ; 
however, the sixth edition of the manual designates this type of connection as 
a II f r a me d be a m con nee t ion .. I The co nne c t ion s dis c u sse d her e i n w ill be 0 f the 
riveted and/or bo1 ted type now known as I'framed beam connections" and "heavy 
f r a me d be a m con nee t ion s I I h a v i n g an g 1 e s 1 e sst han 1. 2 - in. t hie k . 
Although the framed connections fall in the category of 'lflexible,'1 
(1 4 5 6) 
tests have shown them to be capable of resisting some moment. '" Can-
sideration of these beam end moments will reduce the computed value of the 
maximum positive beam bending moment caused by gravity loads and will make it 
po s sib 1 e for the des i gn e r to uti 1 i ze ali g h t e r be am. Howe ve r, be for e con-
eluding that consideration of end moment will prove economical, the increased 
design time required to include end moment calculations must be .evaluated. 
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The end moment that a particular pair of connection angles will de-
velop depends upon: the depth and length of the beam with which the angles are 
combined, the gage or gages of the connection angles, the fastener type and 
size, whether the connection is to a column flange or to a column web or to a 
girder web, the angle thickness, and the physical properties of the angle ma-
terial. Therefore, before the end moment of flexible connections can be uti-
1 ized, a designer must have data that makes possible the rapid determination of 
end moments for all possible combinations of the variables just listed. The 
moment-rotation behavior of a few full size flexible type connections is 
'1 bl f h f h· . (1,4,5,6) B f h aval a e rom t e tests 0 ot er Investigators. ecause 0 t e many 
variables, however, it is not practical to require data from tests of full 
size specimens to provide the necessary design information. Therefore, a 
method of analysis capable of predicting the end restraint of a connection is 
required before the end moment capacity of flexible connections can be used 
in beam design. The development of such a method of analysis was one of the 
principal objectives of this study. An additional aim of this research was a 
better and more complete appreciation of flexible connection behavior. 
The information produced by this study will make possible increased 
use of the provision in the AISC Specifications(7) which states: 
"Type 3 (semi-rigid) construction wi11 be permitted only upon 
evidence that the connections to be used are capable of furnishing, 
as a minimum, a predictable proportion of full end restraint. The 
proportioning of main members joined by such connections shall be 
predicated upon no greater degree of end restraint than this 
minimum." 
If IIflexible ll type connections are found to have sufficient end restraint to 
warrant use of end moment in design, this type of connection should then be 
considered to be of the "semi-rigid" type. However, the connections studied 
in this report will be referred to as flexible, in spite of the moment re-
sistance they possess, in order to distinguish them from the top and bottom 
angle-to-beam flange connections generally considered to be semi-rigid. 
5 
In order to keep the present study within reasonable 1 imits the scope 
has been restricted to connections with three to ten rows of fasteners in a 
vertical 1 ine, angles 5/16 in., 3/8 in. and 7/16 in. in thickness, and mild 
steel angle material. 
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I I. THE BEHAVIOR OF FLEXIBLE CONNECTIONS 
The behavior of flexible type connections is complex. This complexity 
resul ts from the fact that the connection angles may have yielded in certain 
locations, al though the beam which is being supported may be carrying no more 
than its working load and thus may have an extreme fiber stress in flexure far 
below the yield point. 
As the connection angles deform upon the appl ication of moment, one 
part of the connection is pulled away from the member to which it is attached 
and the other end of the same connection is pushed into the supporting member. 
The resultants of the forces which produce these deformations compose the couple 
w h i c h res i s t s the a p p 1 i e d mo me n t . For des c rip t i ve pur p 0 s e s wit h i nth i s t ex t 
the portion of the connection being pulled away from its support shall be said 
to be Ilin tension," and the portion being pushed towards its support shall be 
said to be "in compression." (See Figure 2) Somewhere along the length of the 
connection angles there is a location where there will be no deformation at-
tributable to the moment and, therefore, no tensile or compressive forces will 
be carried by the angles at that point. This location has been designated as 
lithe center-of-rotation" and is illustrated in Figure 30 
As moment is appl ied to the connect ion angl es, the stra i ns wh i ch re-
sult are initially elastic. However, it has been observed by Rathbun,(5) and 
Hechtman and Johnston, (1) as well as in the tests reported herein (Appendix B), 
that the relationship between moment and rotation is non-1 inear, even at rela-
tively low moments. (See Figure 4) This lack of 1 inearity in connection be-
havior exists while the angle strains are still elastic and resul ts from the 
7 
.change in stiffness of the compression portion of the connection with respect 
to the tension portion as the moment increases. 
To predict connection behavior the location of the "center-of-
rotation" is required. The location depends upon the difference in the load-
deformation behavior (or stiffness) along the length of the angle. If the be-
havior shown in Figure 2 is correct, the compression end would be many times 
stiffer than the tension end and the location of the center-of-rotation would 
be between mid-length and the compression end of the connection. During the 
initial stages of loading, however, the location was observed (Appendix 8) to 
be near mid-length of the connection and would indicate that the tension and 
compressive ends of the connection were then of similar stiffness. Generally 
the heel of the angle is not initially in firm contact with the column flange or 
web. Therefore, the backs of the angles at the compression end move a minute 
distance before coming into firm contact with the column over the ful I width of 
the angle leg. This clearance at the heel of the angle at the compression end 
al lows both the tension and compression ends of the connection angles to resist 
initially the appl ied moment by flexure; this initial similarity in behavior of 
the tension and compression ends accounts for the observed center-of-rotation 
being close to the mid-length of the connection at early stages of loading. 
As the outstanding leg of the angle at the compression end of the 
connection begins to bear against the column over more and more of its width, 
the stiffness of the compression end relative to the tension end increases. The 
increase in stiffness at the compression end has the effect of moving the center-
of-rotation of the connection toward the compression end, which changes the 
slope of the moment-rotation curve. 
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Yielding initiates at the tension end of the connection angles at 
relatively low moments. The specific locations where yielding initiates (ad-
jacent to fasteners or in angle fil lets) are discussed in Appendix A. The 
distance along the length of the angles over which yielding has begun extends 
further toward the center-of-rotation with each additional increment of moment. 
As yielding propagates along the length of the angles their stiffness at the 
tension end decreases. This decrease in the stiffness reduces the relative 
stiffness of this region compared to the portion of the angles in compression; 
and also has the effect of further moving the center-of-rotation towards the 
compression end. This decreasing stiffness accounts for the decreased incre-
ments of moment required to increase the rotation by a given amount. Figure 4, 
which is a typical moment rotation curve for a pair of connection angles, 
clearly shows the decrease in connection stiffness with an increase in moment. 
Tests reported herein (Appendix B) as well as tests by others have 
indicated that flexible connections can develop as much as 20 per cent of the 
ful I or theoretical fixed-end moment of a beam at working loads, depending on: 
the type of load, the end-rotation attributable to column deformation or the 
rotation of the supporting beam due to torsion, the beam connection, and the 
beam-span to beam-depth ratio. The simp] ifying assumption that flexible con-
nections resist no moment has a conservative effect on the beam design; con-
sideration of the end moment developed bv flexible connections will reduce the 
required section modulus for a beam. 
The current design practiCe of assuming flexible type connections to 
behave as pins neglects the moment in the column produced by the flexible type 
of connection. The magnitude of the moment carried to a column through a 
flexible connection is dependent on the type of load distribution (since for 
9 
flexible connections the critical moment is not at the ends) and the stiffness 
of the beam. For a decrease in beam stiffness (load distribution the same) 
there is an increase in the rotation of the end of the beam and associated with 
the increased end rotation there is an increase in connection moment. There-
fore, if the moment resistance of flexible connections is considered in design, 
allowing the substitution of a lighter (and generally shallower) beam, the 
column moment will be increased. However, it will be shown later that this 
increase in column moment is small. 
I I I. MOMENT-ROTATION PREDICTION BASED UPON 
LOAD-DEFORMATION CHARACTERISTICS OF ANGLE SEGMENTS IN TENSION 
4. Method of Predicting Restraint Characteristics 
It was suggested by Messrs. Beaufoy and Moharram(8) that the re-
10 
lationship between moment and rotation for flexible type connections can be 
derived from a consideration of the composite effect of short lengths of angles 
in tension or compression. Figure 5 illustrates how a connection angle is as-
sumed to be subdivided into a number of short lengths or segments whose com-
bined resistance to moment is considered equivalent to that of a single angle 
of the same total length. 
The approach suggested above would make it possible to predict the 
moment-rotation characteristics of a flexible connection without dependence on 
tests of full size connections. What is required are the load-deformation 
characteristics of the angle segments and the location of the center-of-
rotation. 
Messrs. Beaufoy and Moharram util ized data obtained from tests on 
connections of the type indicated as semi-rigid in Figure I to provide the 
necessary relationship between load and deformation for an angle segment. The 
center-of-rotation was assumed to be at the mid-length of the connection for 
small moments and at the fastener row closest to the compression end for large 
moments. Where moment-rotation information existed for a flexible specimen 
whose connection angles had geometrical and physical properties similar to 
those of the angles of a semi-rigid connection, comparisons could be made be-
tween predicted and actual behavior of the flexible connection. Only two 
comparisons were possible in their study. Their predictions, when compared 
11 
with actual tests resul ts, provided a lower bound at small moments and an upper 
bound at large moments. 
Since the available moment-rotation curves for flexible connections 
were few in number, additional verification that the load-deformation charac-
teristics of angle segments can be used to predict moment-rotation charac-
teristics was required. Experimental load-deformation relationships for con-
nection angle segments and center-of-rotation data were obtained di rectly from 
tests (reported in Appendixes A and B), and it was found that this information 
could be used to predict satisfactorily the connection behavior (reported in 
A p pe n d i xC) . 
The primary objective of the work in this study was to replace the 
need for experimental data by the abil ity to predict analytically the behavior 
of . flexible beam-to-column connections and to separate the effects of the many 
variables that affect this behavior. 
5. Location of Center-of-Rotation 
Since the location of the center-of-rotation of a pair of connection 
angles is dependent on the relative stiffnesses in the tension and compression 
regions of the connection angles, changes in connection angle thickness and ge-
ometry will influence the location of the center-of-rotation (See Appendix B) 
If the angle thickness is increased, the stiffness at the compression end in-
creases linearly with the increase in thickness; at the tension end, the 
increase in stiffness is proportional to the cube of the ratio of the 
thicknesses. Therefore, while the relationship between stress and strain is 
still linear, increasing the angle thickness will decrease the ratio of the com-
pression end stiffness to the tension end stiffness. This reduction in relative 
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stiffness will be accompanied by a reduction of the distance to the center-of-
rotation from the tension end, since the requirements of statical equil ibrium 
dictate that the summation of the compressive forces along the face of the 
angles must equal the summation of the tensile forces. This was verified when 
the location of the center-of-rotation for Specimen FK-5 (7/16 in. thick) was 
compared with the location of the center-of-rotation of the other connections 
made up of 3/8 in. thick angles. (Table B-2, Appendix B) 
After considerable yielding of the connection angles has taken place 
at the tension end, plastic hinges are formed, and the stiffness decreases and 
is no longer related to the cube of the thickness of the angle. 
The deformation of the connection angles varies along their length. 
Consequently, while the extreme tension end may have developed plastic hinges, 
the material near the center-of-rotation behaves elastically. Therefore, no 
single value for stiffness wil] apply to the connection over its full length. 
In spite of the many factors influencing the location of the center-
of-rotation (magnitude of moment, angle thickness, fillet radius, gages for the 
angles, fastener size, etc.), experimental observations do not indicate a large 
range of locations when loads approach or exceed working loads. The data of 
Table B-2 suggest that a center-of-rotation located 0.8 of the length of the 
angle from the tension end of the connection is representative of the test 
observations. 
6. Prediction of Load-Deformation Relationships of Angle Segments in Tension 
If the load-deformation characteristics of the angle segments in 
tension (and thus the behavior of the angles) could be determined analytically, 
the entire procedure for determination of connection moment-rotation 
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characteristics could be made independent of laboratory results. Therefore, 
considerable effort has been devoted to the development of such an analysis. 
Cons ide r the defo rma t ions of a typ i ca I fl ex i b I e type connect i on used 
with a beam of usual proportions (Lid between 12 and 24) and supporting a uni-
form load. If the load is increased until the extreme fibers of the beam attain 
36 ksi at the cross-section resisting the greatest moment, the connection will 
have yielded over a considerable portion of its length as evidenced by the non-
I inear moment-rotation behavior shown in Figure 4. An indication of the be-
havior of the connection angles can be obtained from a comparison of the defor-
mation at the extreme tension end with the behavior of angle segments in 
tension (Appendix A). This comparison also indicates the extent to which 
yielding in the connection is necessary to accommodate the rotation introduced 
by a beam which is loaded to its yield moment. 
To predict the load-deformation behavior of a particular pair of con-
nection angle segments, recognition must be given to the various stages of be-
havior through which the angles go as they resist a load of increasing magni-
tude. These stages are (1) elastic, (2) a combination of elastic and inelastic, 
but without plastic hinges, and) (3) a stage where plastic hinges have formed 
In critical locations in sufficient numbers to make it possible to calculate 
by plastic theory, the load carrying capacity of the angles. 
The initial portion of the load-deformation curve, the elastic 
portion, can be determined by using anyone of several methods for determining 
elastic displacements. As an example consider the fol lowing: a connection 
angle with a thickness of 0.353 inches, yield point of 40 ksi, 3/4 ino 
fastener size, and fastener locations as shown in Figure 6. When such angles 
are loaded, there are certain restraints placed on the specimen by geometry 
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. and end condition. It is assumed that the fasteners hold the angle legs fixed 
at points A and C. Point C moves downward only, because of symmetry, and the 
rotation at B is the same in both legs as a resul t of continuity. 
Equations of Equi 1 ibrium dictate that H = H and V = V (Figure 6). 
a c a c 
!f the angle is assumed fixed at A, and temporarily free to translate and rotate 
at C, then the horizontal movement at C caused by a horizontal load, H appl ied 
c 
at Cis; (See Figure 7a) 
H 
f'j,c 
HC 
4.58H 
c 
EI 
similarly, the horizontal movement at C caused by a vertical load, V, applied 
c 
at C is: (See Figure 7b) 
V 
f'j,c 
HC 
2.1 V 
c 
E! 
the h 0 r i z 0 n tal mo v e me n tat C c a use d by a mo me nt, M , a p p 1 i e d a t Cis: ( See 
c 
Figure 7c) 
M 
f'j,c 
HC 
M 
c 
3.51 E! 
Since the connection angles are used in pairs, the displacements are 
symmetrical about the 1 ine of action of the load. For this reason there is no 
horizontal movement of the angle at point C perpendicular to the beam web. 
The re fore, 
H V M 
f'j,c+f'j,c+f'j,c 0 
HC HC HC 
H V M 
c c c 
4 . 58 ET + 2. 1 ET + 3. 51 E! o ( 1 ) 
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The rotation of point C caused by a force H for a fixed end condition 
c 
at A is: (See Figure 7d) 
3.51H 
c 
EI 
the rotation at C caused by a force V is: (See Figure 7e) 
c 
1.45V 
c 
EI 
and the rot a t ion ate ca use d by a mome n t Mis: ( See Fig u r e 7 f ) 
c 
If it is 
angle leg at po int 
Therefore 
3.51M 
c 
EI 
assumed that the fastener at 
C, then the summation of the 
Rot] H + Rot] V + Rot] c c C C 
3.51H 1.45V 3.15M 
____ ~c + ____ ~c + ______ c
EI EI EI 
C prevents rotation 
rotations at emus t 
M 
c 0 C 
o 
of the 
equal 
Equations (1) and (2) make it possible to determine the relative 
zero. 
(2) 
magnitude of the two forces and the couple. Hand M can be evaluated for 
c c 
any assumed value of V . Also the movement in the direction of V can be 
c c 
determined from the expression: 
H ,V ,M 
D. c c c 
VC 
2.1H 1.64V 1.45M 
_____ c + ____ ~c + ______ c
E I E I E I 
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In Figure 8 can be seen the moment distribution in the angle segment 
i f Vis take n e qua 1 too n e kip. A 0 n e kip loa don a sin g 1 e an g 1 e s e gme n ton e 
c 
inch long produces a one in.-kip moment at A. 
Based on the above expressions it is determined that a one kip load, 
on a pair of angle segments each one inch long, and with the properties 
prev i ous 1 y stated, produces a movemen tin the d i rec t i on of the app 1 i ed load 
(V ) equal to 0.00285 in. This can be interpreted as a resistance to deflection 
c 
ora s a i 1st iff n e s s i I 0 f 350 kip s pe r inc h . 
The stage immediately following the elastic portion is complex be-
cause of the difficulty in determining a compatible strain distribution and is 
not treated here. After additional straining, plastic hinges will form at 
critical locations in the angle legs, and when the number of hinges reaches 
three (Figure 9) there will be a sufficient number of equations of condition 
to make it possible to solve for the unknown forces by methods of determinate 
analysis. In this stage the geometrical changes in the angles are large be-
cause the deformations in the angles are large compared to the restrained 
lengths of the angle legs. Therefore, before the load which causes a given 
deformation can be determined, it is necessary that the deformed shape of the 
angles be known or at least closely approximated so that the hinges can be 
located. 
It is assumed that there is no difference in behavior between a length 
of the angle segment containing a fastener and a length of segment which does 
not. 
The observation of photo-elastic coatings bonded to test specimens 
(Appendix A) has made it possible to observe strain distributions; and, there-
fore, to determine when and in what order plastic hinges are formed in the 
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angle segments and thus the connection angles. The hinges are formed in the 
following order: the fi rst at the edge of the fastener in the outstand ing leg, 
and the next two in the vicinity of the two intersections of the fillet and the 
angle legs. 
After the three hinges have been formed, it is possible to determine 
the load associated with an assumed deformation if the position of the hinges is 
known. Movements of the hinges compatible with the movement of the web-con-
nected leg were assumed in accordance with the construction shown in Figure 10. 
It was assumed that, (1) the hinge at B moves on a circular path which has its 
center at A and a radius equal to the distance between points A and B, (2) the 
hinge at C moves on a circular path which has its center at D and has a radius 
equal to the distance between points C and D, and (3) the heel of the connection 
angle (reinforced by the fil let) does not deform; this assumption has the effect 
of fixing the distance between points Band C. These three relationships, com-
bined with an appreciation of the angle behavior gained from photo-elastic 
strain determinations and photos made during the tests, are the basis for the 
construction. 
The procedure to determine the forces associated with a particular 
deformation of a unit length of angle is as fol lows: (1) assume a movement of 
the web-connected leg in the direction of the beam web (away from the column), 
and (2) determine the position of the hinges consistent with this deformation 
as outl ined above. The locations of the hinges consistent with d~formations of 
0.1,0.2 and 0.3 in. are shown in Fig. 11. The following equations express the 
behavior shown in Fig. 11 mathematically, and the magnitude of V can be de-
termined for each deformation by solving the associated pair of simultaneous 
equations. 
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For a n Ass u me d l:::, = O. 1 in. 
I:Ms I 0 
-2Mp - 0.095H + (g1 - F/2 - Th - R)V 0 
I:MC' 0 
-2Mp - (Th/2 + R + O.l)H + (gl - F/2 - Th/2 - 0.02)V 0 
For ~D A~~u~ed l:::, = 0.2 in. 
I:Ms I 0 
-2Mp - O. 185H + (gl - F/2 - Th - R - 0.02)V 0 
I:Mc' 0 
-2Mp - (Th/2 + R + 0.2)H + (gl - F/2 - Th/2 - 0.03)V 0 
For an Assumed l:::, = 0.3 in. 
I:Ms I 0 
-2Mp - O.26H + (gl - F/2 - Th - R - 0.03)V 0 
I:MC' 0 
-2Mp - (Th/2 + R + 0.3)H + (9 1 - F/2 - Th/2 - 0.07)V 0 
Th = Angle Thickness, R = 0.8 Fil let Radius, F = Width Across Flats of Nut or 
Diameter of Rivet Head, gl = Angle Gage, and Mp = Plastic Moment. 
It should be noted that these equations take into consideration all of the 
variables that contribute to the behavior of flexible connections; gage, angle 
thickness, physical properties of the material, fastener size and fillet radius. 
The assumed deformations and the corresponding computed loads provide 
data that can be used in the construction of a load-deformation curve· Ca1cu-
1ated plastic load-deformation relationships are compared in Figure 12 with 
the resul ts of tension tests conducted on pairs of angles whose geometry and 
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properties are similar to those used in determining the calculated values. The 
correlation is good. 
The method just described, although it provides a significant portion 
of the load-deformation curve, does not provide information on the behavior 
prior to the formation of the third hinge. The load-deformation relationship 
for the initial portion of the curve (the elastic portion) can be determined 
readily as shown in Figs. 7 and 8 and earl ier in this section. However, the 
portion of the load-deformation curve which remains undefined is the part which 
represents the transition from elastic behavior to a behavior governed by the 
presence of the three plastic hinges. This segment of the load-deformation 
curve is highly indeterminate but can be described by a smooth curve joining 
the elastic portion with the "three hinge portion ll as shown in Sec. 7. Based 
upon the above procedure it is possible to approximate, with sufficient accuracy 
for use in moment-rotation prediction, the load-deformation curves for a pair 
of angles (or angle segments) assembled back-to-back and being pulled in a 
direction parallel to the axes of the fasteners connecting the outstanding legs 
to their support. 
7. The Load-Deformation Relationship Expressed as an Eguation 
It is shown in Section 6 that the load associated with a particular 
deformation of a pair of angle segments may be computed. The formulas are 
presented to facil itate the determination of this load for three values of 
deformation (6 = 0.1, 0.2 and 0.3 in.). To assist in the development of an 
expression describing the moment-rotation behavior of the corresponding con-
nection, it is helpful to relate the load and deformation continuously over 
the range of application. An equation of the following form is used,. 
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Load C x (6) n 
The 6 represents the deformation at the extreme tension end of the connection 
angles. 
It is suggested in Section 10 that because of the non-l inear behavior 
of the connection angles it is more convenient to apply a load factor and de-
sign for failure (initiation of yielding) than to use a working stress when 
considering end moments. The end of a pair of connection angles very often 
has a deformation between 0.1 in. and 0.3 in. when the supported beam begins 
to yield; therefore, the coefficient and the exponent in the equation above 
were evaluated so that the curve would pass through the origin and the two 
points which correspond to 6 = 0.1 in. and 6 = 0.3 in. The loads corresponding 
to these two 6 1 s are determined by the procedures of Section 6. The values of 
load, P, and 6 for a particular angle are substituted in the above equation 
for the conditions 6= 0.1 in. and 6= 0.3 in. The resulting equations are 
C(O.l)n and 
P may be determined from the relationships of Section 6. The values of C and 
n can be determined using the above expressions. Values of C and n are tabu-
lated in Table 1 for various common combinations of gage, fil let radius, yield 
point, fastener size and angle thickness. 
8. Moment-Rotation Relationships of Connection Angles Expressed in Equation 
Form 
The moment-rotation characteristics of flexible type riveted or bol ted 
beam-to-column connections can be closely approximated once the load-deformation 
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relationships for angle segments and the location of the center-of-rotation are 
known. To take advantage of the connection restraint, an equation that will 
relate connection behavior to these two quantities is desired. 
For deformations at the end of the tension portion of a flexible con-
nection of 0.1 in. or greater, the distance from the center-of-rotation to the 
center-of-gravity of the force block, whose shape is determined by the 10ad-
deformation curve formulated in Sec. 7, is approximately 0.53 of the distance 
from the center-of-rotation to the tension end. Also, the total force re-
presented by the force block is approximately equal to 0.85 of the product of 
the length of the angle in tension times the load per unit of length at the 
extreme tension end of the connection. If the deformation at the tension end 
is less than 0.1 in., the force block will approach a triangular shape as the 
assumed deformation is decreased. These relationships may be seen readily in 
Fig. 12. 
A1 though the center-of-rotation has been assumed to be at 0.8 of the 
length of the connection angles from the tension end, the location actually was 
observed (see Table 2, Appendix B) to vary with the magnitude of the defor-
mation at the tension end of the connection. The varying distance of the 
center-of-rotation from the tension end can be conservatively approximated by 
the fol lowing expression if the tension deformation 6 at the end of the con-
nection is greater than 0.1 inch. 
0.72£ (0 . 72 + O. 3 6) £ 0 r 1 _ O. 3 <P.£ 
.£1 is the distance from the tension end to the center-of-rotation, £ is the 
connection length, <P is the connection rotationi and <P£l = 6 = the deformation 
at the tension end of the connection. 
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An expression for resisting moment has been developed uti1 izing the 
load-deformation relationships for angle segments in tension and the re-
1ationship above for the location of the center-of-rotation. The resisting 
moment can be seen to equal 
where, TR tension resultant = 0.85(P x £1)' The factor of 0.85 is related to 
the shape of the load-deformation curve of the connection angles. If substi-
tu t ions a re made fo r TR and £1' the moment expres s i on becomes 
M = 0.85pr, 0.72£ J [0 565£]' 
L I - 0.3CP£ . , 
where, P = C(6)n or C(cp£l)n and the small variation in £1 makes it possible to 
replace [0.53£1 + 0.67(£ - £1)] by the approximation 0.565£. The above 
expression can be further reduced to 
M 
0.345 C£2 (0.72cp£)n 
(1 - 0.3cp£) l+n 
for <;T;l£l :? 0.1 inch (3) 
The above expression adequately describes the connection behavior for maximum 
deformations (6) of 0.1 inch and greater at the tension end of the connection, 
but the rapidly changing center-of-rotation at smaller deformations makes pre-
dictions with equation (3) less rel iable. However, it has been found that for 
deformations less than 0.1 inch, if n is taken equal to 0.4, good agreement 
with test data is obtained. The expression for moment for maximum deformation 
at the tension end less than 0.1 inch is 
M 
.345 K£2 (0.72~£)0.4 
(1 - 0.31>£) 1.4 
for 1>£1 < 0.1 inch 
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( 4) 
where K is determined by solving the equation for K and then evaluating K for 
values of M and ~ associated with 6 = 0.1 in. as determined in Equation (3). 
To establ ish the appl icabil ity of the above expressions to the pre-
diction of M-1> relationships, comparisons are made in Figure 13 with the be-
havior of specimens reported in Appendix B. The predicted curves are based on 
physical and geometrical properties identical with those of the test specimens. 
The predicted curves compare favorably with the actual test resul ts except in 
the case of Specimen FK-3 (a very flexible connection) whose predicted stiff-
ness is .approxLmately 20 .per cent less than the stiffness observed in tests. 
However, this w.as a very fl.exible connection and consequently provided very 
1 itt 1 e res t ra in t . 
It is possible, utilizing the equations just described, and values of 
C and n derived from the predicted load-deformation relationships discussed In 
Section 7, to predict the moment rotation characteristics of flexible con-
nection angles within the 1 imitations of geometry and physical properties that 
have been considered. 
The procedures developed herein to predict the M-1> characteristics of 
flexible connections should not be extrapolated to include angle thicknesses 
and gages outside the 1 imits of Table 1. This 1 imitation is imposed because 
it is expected that if the angle thickness is increased beyond these 1 imits 
factors not significant in this development, such as the contribution of 
fastener deformation, may become major sources of deformation. Additional re-
search is needed to more clearly establ ish the 1 imits of this theory. 
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IV. DESIGN CONSIDERATIONS 
9. Constant-Load and Constant-Stress Beam Lines 
If it is desired to determine the actual end moment of a flexible con-
nection, a method is required that wil1 take into consideration the non-l inear 
relationship between moment and rotation of the connection. Such a method was 
first introduced by Batho(4) and consisted of combining on a single plot, the 
connection moment-rotation curve and curves of the end-moment of the beams vs. 
end-rotation (Figure 14). The intersection of the curves gives the equi-
librium position of the connection and the beam for the angles, beam size, load 
and span length shown. Because the beam load is held constant, for any end 
moment, the I ine representing the beam behavior is cal led a constant-load beam 
line. It follows, then, that for constant load and an increase in end moment, 
the maximum positive moment (and maximum stress) of the beam will decrease. 
A designer is interested in maintaining a I imiting value of maximum 
moment (and, therefore, stress) at a critical section on the beam rather than 
on maintaining a constant load. In order to keep the maximum stress constant, 
Hechtman and Johnston modified the Batho procedure. (1) In their method 
Hechtman and Johnston constructed aline describing the relationship between 
end-moment and end-rotation if the stress at some critical section were held 
constant (critical section is the location along the length of the beam where 
the moment is a maximum). Such a I ine is called a constant-stress beam 1 ine. 
To maintain a constant stress at the critical section the load on the beam 
must be increased as the end-moment increases. Since flexible type con-
nections rarely develop more than twenty per cent of the fixed end moment of 
the beam, the critical section will never be at the end when flexural stresses 
25 
govern the beam design and the beam size will be determined by the maximum 
pos i t i ve moment. 
The equation for the constant-maximum-stress beam ine derived for a 
uniform load, maximum stress at the center, and working stress is, (1) 
M 20- S 
W 
3ES¢ 
Lid 
where the M is the moment at the center, u is the allowable working stress, S 
w 
is the section modulus, E is the modulus of elasticity, ¢ is the end rotation, 
L is the span length and d is the beam depth. For a concentrated load in the 
middle of a span with identical end conditions the constant-maximum-stress beam 
1 i ne equa t ion is, 
M 
Where the load is maintained constant, the constant-load beam 1 ine equation is, 
M M 
r 
2E!¢ 
L 
where M is the fixed end moment for the load the beam is supporting. The beam 
r 
must have identical moment resisting connections and the load must be sym-
metrical for these equations to apply. 
In Figure 14 three constant-stress beam 1 ines are constructed for a 
beam carrying a uniform load but with varying span lengths, Note, the increase 
in end-moment with increasing span length. This increase is related to the 
decrease in the stiffness of the beam relative to the connection as the length 
of the beam is increased. 
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10. Safety Factor 
Consider an 18WFSO beam supported by a flexible connection as shown 
in Figure IS. The moment-rotation characteristics for the connection, and the 
constant-stress beam I ines for a working stress of 24 ksi and a maximum stress 
of 36 ksi are also shown. In elastic design, failure in flexure is associated 
with the extreme fiber reaching the yield stress at the critical section and 
the safety factor is the ratio of the failure (or yield) stress to the working 
stress. Since stress is proportional to load in the elastic design of beams, 
the beam shown in Figure IS can be expected to carry an overload of (36/24) 
or 1.5 times the load required to produce the working stress. This load-stress 
relationship assumes that the behavior of the connection and the beam are 
linear up to the failure (initiation of yielding) of the beam. As has been 
observed in tests, the relationship between moment and rotation for flexible 
type connections is actually non-linear under usual loading conditions. In 
Figure 15 it can be seen that because of the non-l inearity of the connection be-
havior, moment capacity of the connection increases only sl ightly between the 
working stress condition and yield stress condition on the beam. Therefore, 
an increase in load in the ratio of the yield stress to the working stress 
will cause more than a proportional increase in the extreme fiber stress. The 
end-moment to be util ized in working stress design should be the end moment 
developed when the extreme fiber has just reached the yield point mul tipl ied 
by the ratio of the working stress to the yield stress as indicated by 
Hechtman and Johnston. (1) This will insure that when the working load is 
mul tipl ied by the safety factor the extreme fiber will just reach the yield 
po i n t (See F i gu re 15). 
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To illustrate the preceding discussion consider the following example. 
The 18WFSO beam shown in Figure lS can support a uniformly distributed working 
load of 2.47 kips per ft. (crw = 24 ksi"") if there is no end-moment. The inter-
section of the moment-rotation and the constant stress curves for the con-
nection and the beam indicates that the end-moment actually will be 209 in.-kips 
(17.4 ft.-kips) when the beam working stress is 24 ksi; therefore, the beam can 
carry an additional working load of 0.24 kips per ft. because of the resistance 
of the connection to moment. Thus, the total working load when end-moment is 
considered is 2.71 kips per foot. Since the yield stress is taken to be 36 ksi 
the safety factor against yield ordinarily would be expected to be 36/24 or 
1.S and the failure load should be (2.71 x 1 .S) 4.06 kips per foot. When the 
beam is stressed to 36 ksi the end-moment is 241 in-kips (20.1 fto-kips) 
(Figure lS) and the corresponding load is 3.99 kips per foot. Therefore, the 
yield point is reached at a lower load than the 4.06 kips per foot which would 
be the case if the connection behavior had been 1 inear. To insure the proper 
working load the end moment used must be the end moment developed when the 
extreme fiber of the beam reaches the yield stress mul tipl ied by the ratio of 
the working stress to the yield stress [for this example, 241 x (24/36) = 
160 in. kips]. For the example, the permissable working load that corresponds 
to a 1.S overload is 2.6S kips per ft. (an increase of 7 per cent in the 
distributed load as a result of the end restraint). 
Because of the non-l inearity of connection behavior, beam design 
based on the working load times the safety factor (to achieve yield stress at 
the extreme fiber) rather than working load will be more direct. 
* AISC allowable bending stress on a compact section. 
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1 1. Allow a b 1 eSt res s 0 e s i g n 
The AISC Specifications permit the design of beams with end-moments 
in te rmed i a te be tween the pinned end cond i t i on and fu 1 1 fix i ty (Sec t ion 1.2, 
Type 3). (7) Little use is made of this provision, however, because of 1 imited 
dependable information available concerning moment capacities of semi-rigid 
connections. Even when the connection behavior is known, the actual end-moment 
that connections will provide is influenced by framing conditions and the load 
in the adjacent spans. Also, there is the possibility that deformations of 
the column may infl~ence the beam end-moment. 
Since the connections discussed herein are of the type currently 
described as flexible, (relatively 1 ittle resistance to moment) their previous 
use in design has not included consideration of their moment resisting capacity. 
However, methods will be discussed for taking advantage of the resistance to 
rotation that these connections possess and use wil"1 be made of the abil ity 
to predict connection behavior developed in this study. Connections of the 
type currently described as semi-rigid can be treated similarly. 
The simp] ification of assuming zero end restraint for flexible con-
nections has meant that columns actually have been subjected to moments which 
have not been taken into consideration in their design. Neglecting these 
moments, as tests have shown (Appendix B), is unconservative especial"ly at 
corners or other areas lacking complete symmetry of framing and loading. 
There is no evidence, however, that this simplification has resulted in any 
real concern over the adequacy of columns in actual structures joined by 
flexible type connections. However, the fol lowing question might be raised: 
wi 1 1 the add i tiona 1 momen t de 1 i ve red to the co 1 umns th rou gh the con nec t ions 
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be significant enough to require consideration in the determination of the total 
connection moment in column design? 
Figure 16 shows a constant-load beam 1 ine for an 18WF50. This is the 
beam section required for the load and span shown in the figure if no con-
sideration is given to the end moments. Also shown in the figure is the 
constant-stress beam 1 ine for a 16WF45 which would be the section required if 
the resisting moment of the connections is considered. It should be noted that 
a reduction in beam depth with no change in the connection size or load has the 
effect of increasing the end-moment from 230 in.-kips to 255 in.-kips. The 
increase is approximately 10 per cent over the al ready existing (but currently 
ignored) moment of 230 in.-kips. To properly design columns would warrant con-
sideration of this moment in the column design. 
The problem of unbalanced moments at columns and girders also re-
quires consideration, but because of the non-l inear connection behavior the 
actual end moment must be determined by trial and error. 
Where a beam frames into a girder and there is no member framing 
opposite, or within a short distance, it would seem reasonable to assume that 
there will be no end-moment because of the small torsional restraint of the 
g i rde r. 
Figure 17 shows the conditions that would exist if two beams of the 
same size but different span-length to beam-depth ratio framed into the web of 
a gi rder. If it is assumed that the web of the girder remains vertical, there 
will be an unbalanced moment. If the web of the girder is allowed to rotate 
in the direction of the unbalanced moment the M-~ curves of the connections 
will be shifted along the abscissa until the joint is in equil ibrium 
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(See Figure 17). The actual end-moment in this case is approximately equal to 
the average of the two unbalanced moments. 
Consider next the case where beams of different depth, but the same 
size connection, frame opposite each other at a girder as is shown in Figure 
18. If the span-length to beam-depth ratios in this case are equal and the load 
approximately uniformly distributed, the unbalanced moment will be sma] 1 enough 
to be neglected. 
If in design it is desired to entertain the possibil ity that an ad-
jacent span will be carrying none or only a portion of its live load capacity 
at the time the beam being considered is loaded to failure (beam has reached 
the yield stress) a construction as shown in Figure 19 will describe the be-
havior. Because of the rotation of the girder as a result of the unbalanced 
moment, the available end-moment again can be considered to be equal approxi-
mately to the average of the unbalanced end-moments. The procedure for the 
less conservative case of adjacent spans assumed to carry only a portion of 
their 1 ive load capacity when the beam being sized is loaded to failure would 
be similar to Fig. 19 or to the case of different depths (Fig. 18). The 
largest load capacity and the greatest economies will occur when failure is 
assumed to take place in all spans simul taneously. 
The condition that will exist if connections of different lengths 
frame opposite one another is shown in Figure 20. In this case the smal lest 
of the two end moments would be the moment to use in design. 
In the case where a beam frames into a column and there is no beam 
framing opposite it is recommended that no end moment be considered. If beams 
frame into a column opposite one another and are of comparable span length-to-
beam depth ratio and connection size, the end moment should be that associated 
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with zero rotation of the column. Whenever the beam connection is made to the 
column flange it is suggested that the column flange be as thick as the con-
nection angles or greater in thickness before considering that the column flange 
deformation can be neglected. If the column flange thickness is less than that 
of the angles it is suggested that the connection be treated as pinned. 
To facil itate design, curves can be constructed which give the value 
of end moment that a particular flexible connection will provide when combined 
with a uniformly loaded beam stressed to the yield point. Figure 21 is an ex-
ample of such a plot. In this figure constant-stress beam 1 ines were con-
structed for a number of the more efficient WF sections and three span-length 
to beam-depth ratios. The beam-l ines intersect only those moment curves of 
connections with a length recommended by the A!SC Specifications. For a par-
ticular connection length and span-length to beam-depth ratio, the beam size 
has very 1 i ttl e effect on the end-moment. Because of the sma1'! i nfl uence of 
beam size, beam size can be neglected and the end moment determined on the 
basis of the span-length to beam-depth ratio (See Figure 22). The span-length 
to beam-depth ratios along the abscissa correspond to the end-rotations in 
Figure 22 which resul ts when there is no end moment, the beam is stressed to 
the yield point, and the span-length to beam-depth ratios are those shown. 
Plots similar to Figure 22 can be constructed using the methods pro-
posed in this paper for variations in gage, angle thickness, fillet radius, 
fastener size, and yield point which are the factors which affect the moment-
rotation behavior of the connection angles. With such an assortment of plots 
the end moment may be quickly determined. 
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12. Beam Weight Savings 
No complication of a design procedure can be justified unless there 
are advantages, either economic or behavioral. Since flexible connections as 
now used behave satisfactorily it is necessary to anticipate some weight savings 
in order to justify the additional work required to take end-moment into con-
sideration. To facil itate an investigation of this question a relationship be-
tween section modulus and weight may be used. Figure 23 shows a plot of section 
modulus versus weight for the most efficient wide flange beams available. 
These sections are from the AISC Steel Construction Manual. The relationship 
between section modulus and beam weight can be described quite closely by two 
straight 1 ines ... and a transition curve· The equations for these 1 ines and the 
curve are shown on the figure. A similar curve involving British beam sections 
is shown in the book liThe Plastic Methods of Structural Analysis," by B. G, 
Neal.(9) Utilizing a curve of this type it is possible to determine the weight 
reduction corresponding to a reduction in section modulus resulting from the 
consideration of end-moment in design. 
Also included in Figure 23 is a curve showing the relationship be-
tween section modulus and weight for a group of 27 WFis with 14 in. flanges 
(not among the most economical sections). ! t wi 11 be noticed that aline 
connecting these points has a different slope than the curve representing the 
most economical sections. Therefore, if the beam chosen for a particular 
design is selected on the basis of considerations other than having the most 
efficient section available - for example, the section is chosen because of 
depth 1 imitations or because of the necessity for a wider flange width to 
insure stabil ity - for these sections a greater reduction in weight will be 
possible for a given .reduction in section modulus. 
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Wei g h t s a v i n g s me n t ion e d her e ina re bas e don the uti 1 i z a t ion 0 f the 
most efficient sections in any particular case· In order to determine the per-
c e n tag e 0 f we i g h t s a v i n g s t hat w ill res u 1 t i fen d res t r a i n tis take n i n to con -
sideration, Figure 24 has been prepared. The odd shape of the curve between a 
section modulus of about 65 and 155 is the resul t of the transition curve shown 
in Figure 23. In most cases the percentage of weight savings can be approxi-
mated by taking 40 per cent of the percentage of end-fixity furnished by the 
connection. 
The following is an example illustrating the design procedure if the 
connection moment is considered; the simple beam that would have been required 
is included for comparison. The .datagoverning the design are: 
Span Length - 24 feet 
Working Load - 2.6 kips per foot 
Working Stress - 24 ksi 
Yield Stress - 36 ksi 
Safety Factor - 1.5 
Connection - 2 Angles 4 x 3 1/2 x 3/8 x 11 1/2 in. 
!n the case of simple beam design the maximum beam moment for the failure load 
(2.61 x 1.5 = 3.9 kips per foot) is 3370 in.-kips and the required section 
modulus is 93.6 in. 3 (3370/36). The simple beam design requires an 18WF55 
beam. If the end moment is considered it is necessary to determine the moment 
that will be developed; see Figure 22 (for L./d = 16 and 4 rows of fasteners) 
to determine the moment developed by the connection. The end moment is 
210 in.-kips; hence, the maximum beam moment is reduced to 3160 in.-kips 
(3370-210). A moment of 3160 in.-kips requires a section modulus of at least 
88 in. 3 if the yield stress of 36 ksi is not to be exceeded. An 18WF50 
(Section Modulus = 89 in. 3) meets this requirement. The weight saved in this 
case is 9.1 per cent (5/55). 
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13. Conclusions 
1. For connection angle thicknesses of 5/16 to 7/16 in., the moment-
rotation characteristics of flexible type connections can be predicted with 
sufficient accuracy to util ize their restraint in design. 
2. The additional design time required to take the end restraint of 
flexible connections into consideration, with the aid of prepared charts, will 
be sl ight and resul t in beam weight savings up to approximately 10 per cent, 
depending on loading conditions and framing. 
3. The predicted connection behavior can be uti1 ized to provide 
stiffness factors required in methods of analysis of frames with semi-rigid 
. ( 1 0) 
connections. 
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TABLE 1 
VALUES OF C AND n FOR USE IN DETERMINATION OF LOAD-DEFORMATION 
RELATION OF ANGLE SEGMENTS LOADED IN TENSION 
Connection 9 =2-1/4" 9 =2-5/16 11 Angles 1 1 
C n C n 
2Ls 4x3-1/2x5/16 5.72 .174 5018 0158 Fi l1et Radius=3/8 1i 
2Ls 4x3-,1/2x3/8 8.95 .18'1 8.12 .167 F ill e t R a diu s =3/8 i I 
2Ls 4x3~1/2x7/16 13. 75 .205 12.23 . 186 F i 11 et Rad i us=3/8 11 
2Ls 6x4x3/8 10.82 .215 9.67 .200 Fi 11et Radius=1/2!C 
2Ls 6x4x7/16 17030 .246 15.18 0224 Fi 11et Radius='1/2 Ii 
Note: Fasteners 3/4 in diao~ plate and shape Y.P. 
leg connected to the beam web) . 
9 =2-3/8 11 1 9 =2-7/16
11 
1 9 =2-1/211 1 
C n C n C n 
4066 0145 4.32 .134 4001 0124 
'7039 .156 6077 • 148 6 c 32 . 1403 
11 .28 . 1735 10.33 .165 9.38 .156 
8.81 .185 8005 .175 '7.37 .166 
13040 .205 12.0 .186 10.93 .178 
36 ksi, g2 2-J/4 in. (gage of 
9 =2-9/16 11 1 
C n 
3.72 .114 
5.88 0132 
8.66 .145 
6.95 .154 
10.03 .167 
9 =2-5/8 11 1 
C n 
3.42 .103 
5.48 .124 
7 .95 0 133 
6.62 . 143 
9.17 0157 
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(d) Rotation At C Due To 
A Horizontal Force At C. 
(e) Rotation At C Due To 
A Vertical Force At C. 
(f) Rotation At C Due To 
A Moment At C. 
FIG.7 DETERMINATION OF LOAD DISPLACEMENT 
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APPENDIX A 
TENSION AND COMPRESSION TESTS OF ANGLE SEGMENTS 
1. Introduction 
Messers. Beaufoy and Moharram in their paper entitled, I'Derived 
Moment Angle Curves for Web Cleat Connections,II(8) draw attention to the com-
parative behavior of semi-rigid and flexible connections. The authors used 
the moment-rotation relationship and geometry of a particular flange-cleat con-
nection to determine the load-deformation relationship for a pair of angles of 
the same size and loaded as shown in Figure A-l. They assumed that flexible 
connection behavior is equivalent to short lengths of angles acting as shown 
in Figure 5; it can be shown that the load-deformation characteristics of the 
angles can be used to determine the moment resistance of the flexible con-
nection. Correlations between predicted moment-rotation curves and experimental 
curves was good. This has made it possible to use the results of tests of 
flange-cleat or semi-rigid type connections in the prediction of the moment-
rotation characteristics of flexible type connections. 
The correlation establ ished by the work mentioned above has shown the 
comparative behavior of the two different types of connections. Since the be-
havior of a flexible connection is related to the behavior of strips or segments 
of angles loaded as shown in Figure 5, it should be possible to obtain the re-
quired load-deformation relationship of the angles by testing a segment of 
similar geometry and loading. The tests reported in this appendix were con-
ducted to provide this information. 
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The scope of this work is 1 imited to angles with dimensions close to 
those used in most flexible connections. Also, such variables as angle thick-
ness, gage, fastener size, fil let radius, and yield point have been kept with-
in limits normally expected in conventional building framing of mild structural 
grade steel. 
2. Test Resul ts 
Six tests were conducted on smal I two-angle specimens as part of a 
study of the behavior of connection angles. There were five tension specimens 
and one compression specimen. Figure A-2 shows the geometry and manner of 
loading of the specimens which were included in the program. 
Specimen C-l 
it has been observed that the center-of-rotation in flexible con-
nections (Appendix B) initially is near mid-height of the connection: this 
finding indicates that (for typical construction) initially portions of the 
connection in tension and in compression have similar stiffnesses. Specimen 
C-l was included in the program to determine the behavior of the compression 
end of the connection so that the behavior could be compared to that at the 
tension end (Figure A-3a) , especially in the early stages of loading. The test 
se tup for Spec i men C-l is shown in F i gu re A-2 and a photograph of the spec i men 
is shown in Figure A-3b. !t can be seen from the load-deformation curve in 
Figure A-4 that the behavior is as expected; there is an abrupt increase in 
stiffness when the heel of the angle attains firm contact with the bearing 
plate. The deformation which is recorded in the load-deformation plot is the 
movement of the heel of the angle towards the bearing plate plus the difference 
between the elastic strains in the vertical legs of the angles and the elastic 
.1 
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strains in the loading plate and was obtained by subtracting the movement of 
the loading plate relative to the vertical angle legs from the movement of the 
loading plate towards the bearing plate. A comparison between the resul ts 
from the test on Specimen C-l and those from T-4 (See Figure A-5) shows the 
tension and compression specimens to have similar stiffnesses in the early 
stages of loading. However, they differ markedly in the latter stages of 
loading. 
Specimen PS-l 
The development of an analytical procedure for predicting load-defor-
mation relationships for angle segments in tension involves assumptions as to 
how the connection angles are restrained at the fasteners, the locations of 
regions of inelastic behavior, and the order in which inelastic action pro-
gresses throughout the specimen. Specimen PS-l was tested to provide a basis 
for more real istic assumptions concerning angle behavior. The typical test 
setup for angles in tension is shown in Figure A-6. 
With Specimen PS-l (Figure A-6), not only were load deformation data 
accumulated but a photo-elastic material was bonded to the surfaces of the 
specimen to provide a detailed history of the response of the angle to load. 
Because considerable inelastic action takes place in flexible connections, even 
at working loads, a low sensitivity photo-elastic material was used on the 
angles so that the material would be effective at the large strains. Cal i-
bration of the photo-elastic material showed that the first fringe was formed 
at 5500 micro inches per inch of strai.n ... A drawback to the use of a low sensi-
tivity material was that it could not be used to accurately detect the strains 
associated with the beginning of yielding; however, the photo-elastic results 
did show the progression of inelastic behavior. 
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As would be expected, the horizontal leg (Figure A-6) of the test 
specimen was the most highly strained element. In the horizontal leg of the 
specimen, where the bol t is located, large strains develop first at the edge 
of the bol t head or nut attaching the horizontal leg to the tee section. 
Following this initial yielding adjacent to the fastener in the horizontal leg, 
yielding began in the fil lets of the angles in both the horizontal and vertical 
legs at approximately the same load. Large strains were indicated adjacent to 
the fastener in the vertical leg much later in the tests. 
Specimen PS-2 
Specimen PS-2 was added to the program to determine the strains 
throughout the thickness of the angle leg rather than just on the surface as 
was the condition in Specimen PS-l. To accompl ish this, a special specimen was 
utilized, (See Figure A-7). This specimen was designed to duplicate the be-
havior of that portion of the angles directly restrained by the fasteners since 
this is the only location along the length of the angles that the end con-
ditions are easily reproduced. The specimen was restrained across the ful I 
width by the use of the steel blocks. With the specimen restrained in this 
manner, it was assumed that the strain indications of photo-elastic material 
mounted on the edges of Specimen PS-2 would be typical of the strain distri-
bution at any section cut parallel to the end of the special specimen. 
The plastic used on Specimen PS-l was of low sensitivity to accommo-
date large strains. It was decided in this specimen to use two different 
plastics. On the edge of one angle a high sensitivity plastic was bonded to 
show strains in the early part of the test and on the other angle the low 
sensitivity plastic was used to record the large inelastic strains In this 
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manner both the behavior at the beginning and the end of the tests could be ob-
served. Other instrumentation, as in previous tests, included sl ip dials to 
measure the relative movement of the component parts. 
The specimen was loaded in 500 lb. increments through the early stages 
of loading and. then in one kip increments. A photograph of the iso-chromatics 
was taken at each increment of loading, and at 0, 3, 6, and 9 kips iso-cl inics 
were also taken. The dial indicators were read at all increments. The load-
deformation curve for the angles is shown in Figure A-8b. Unfortunately, as a 
resul t of poor photograph i c techn i que, it was i mposs i b 1 e to i nterpre t the 
pictures of the iso-chromatics and iso-cl inics. The test was rerun on Specimen 
PS-3. 
Specimen PS-3 
Specimen PS-3 was the same as PS-2 In every detail. The load-defor-
mation curve obtained in the test of PS-3 is shown in Figure A-8b. From the 
photo-elastic studies, it was possible to determine the maximum strain location 
and points of contra-flexure. In Figures A-9 and A-10 the fringe locations 
can be seen as the load on the specimen was increased. 
Upon installation of the specimen in the testing machine, before any 
load was appl ied, pictures were taken of the iso-chromatics to obtain an indi-
cation of the strains in the angles resulting from the tightening of the bolts. 
These are shown in Figure A-9a. Compressive strains can be observed at the 
fasteners and bending strains in the fil lets of the angles. 
The initial shape of the specimen as fabricated can have a consider-
able influence on strains in the early stages of loading. It can be noticed 
at the 2 1/2 kip load that the top surface of the horizontal leg was in tension 
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from the fillet to the block which was used as a nut. Considering the restraint 
provided by the fil let and the nut one should find a point of contra-flexure 
situated between them. The point of contra-flexure was not there because the 
tightening of the bolts caused flexural straining of the angle legs as a resul t 
of the angle legs not being at right angles to each other initially; the angle 
o between the two legs was actually less than 90 . 
The point of contra-flexure will not be associated with zero strain in 
this specimen, as would be the case in a continuous beam with roller supports 
(where no force parallel to the longitudinal axis will be developed as a result 
of deflections alone). High initial tension in the fasteners makes possible 
high friction forces between the horizontal leg and the T-section at the 
fastener and this friction force will keep the horizontal legs from moving 
towards each other as the vertical load is appl ied. This horizontal force 
which is necessary to keep the specimen in a shape forced on it by the external 
restraints will produce tensile strains in the horizontal leg. These tensile 
strains are superimposed on the strains resulting from the bending of the 
angle leg. Therefore, the point of contra-flexure is not a point of zero 
strain but a section through the angle where there are tensile strains of uni-
form magnitude. It can be seen that at a 2 1/2 kip load the point of uniform 
strain in the horizontal leg was about 1.65 inches from the heel of the angle 
(approximately 1/4 inch from the steel block). As the load was increased, 
this point of uniform strain gradually moved towards the fil let. At the 6 kip 
load, which was about the last load for which it was still possible to identify 
iso-chromatics clearly, the point of uniform strain had moved to about 3/8 
inches from the heel of the angle. This agrees with the location of the point 
of contra-flexure for moments of equal magnitude located at a critical section 
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in the fi 1 let and at the edge of the steel block. The critical section in the 
fillet is not where the fil let is tangent to the angle leg, but it is within 
the fil let a short distance. This point was located by determining where the 
moment and the section modulus of the angle are increasing at the same rate· 
The location of this critical point was approximately 0.2 of the radius of 
curvature of the fil let beyond the point of tangency. For the particular speci-
men being tested this places the critical section at approximately 0.82 in. 
from the heel of the angle. The edge of the steel block is about 1.88 in. from 
the heel of the angle. This would put the point of contra-flexure, based on 
equal moments at these two locations, at 1.35 in. from the heel of the angle 
and agrees with the 1 3/8 in. observed in the tests. 
In the vertical leg, the location of maximum straining is near the 
juncture of the fil let and angle leg as in the case of the horizontal leg. 
The point of contra-flexure in the vertical leg is located near the steel 
block. It can be determined from these observations that the moment in the 
vertical leg adjacent to the steel block is much less than the moment at the 
fil let. This same observation may be obtained from a theoretical analysis. 
An examination of the load-deformation curve, Figure A-8b shows that 
at approximately 6 1/2 kips there was a marked change in the behavior. The 
photo-elastic material also indicated that at this load the iso-chromatics in 
the region of the fil lets and the fasteners were becoming too numerous to 
separate on the photographs. It would appear, therefore, that the abrupt 
change in slope of the load-deformation curve is associated with the formation 
of plastic hinges at the critical locations. Based on this test it can be 
concluded that plastic hinges may form in angles having geometrical and physical 
properties similar to those of PS-3, and that this will occur when the 
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deformation is approximately 0.020 in. This deformation is well below that 
which can be expected (for gravity loads) near the top of flexible type con-
nections supporting beams in which the extreme beam fiber at the critical 
.. d 36 ksi section IS stresse to . (See Figure 4) 
At approximately 8 kips (Figure A-10) the low sensitivity plastic 
started to show fringes. The location of the point of contra-flexure in the 
horizontal leg appeared to remain at I 3/8 in. and the high sensitivity plastic 
on the vertical leg showed that there was no plastic hinge formed adjacent to 
the steel block on the vertical leg of the angle. The point of contra-flexure 
remained in the same approximate location through the 12 kip loading (the 
fringes could not be separated beyond this point). 
Specimens T-3 and T-4 
One question that comes to mind when considering the appl icabil ity of 
the results of a simple tension test to the prediction of the load-deformation 
curves for angles in tension is whether the stiffness of the tension specimen 
is comparable to stiffness of an equal length of angle which is actually part 
of a connection angle. If a pair of angles is tested in tension, of a length 
comparable to the 3 in. fastener spacing generally used, there will be un-
restrained edges at each end. If a flexible connection is divided up over its 
length into 3 in. increments, the only segment to have a free edge, of those 
w hie h m u s t res i s t ten s ion, i s the 0 n eat the end. Allot her s e g me n t s h a ve a 
common boundary with another segment which produces continuity between the 
two. This continuity affects the stiffness of the angles. I t was therefore 
considered desirable to obtain some indication of the difference in stiffness 
between a specimen with its boundaries free and another specimen with the 
69 
boundaries fixed. Specimens T-3 and T-4 were included to provide this infor-
mation. Figure A-l 1 shows the geometry of the specimens. 
The load-deformation curves for Specimens T-3 and T-4 are shown in 
Figure A-12. The two ends of Specimen T-4, between the center 1 ine of the 
fastener and the free boundary when added together form a specimen equivalent 
to Specimen T-3. If, in Specimen T-4, the load carried by the end portions was 
known, the load carried by an interior portion could be determined. 
The separation of the effects of the end of the connections is possi= 
ble because of their similarity with Specimen T-3. If the load-deformation 
curve for Specimen T-3 is subtracted from that of Specimen T-4 the resul t 
should be a third load-deformation curve which would describe behavior of the 
interior portion of Specimen T-4 (Figure A-12). From a comparison of the 3 in. 
center strip with the 3 in. specimen with ends unrestrained, it can be seen 
that the interior strip was about 7 1/2 per cent stiffer than an exterior 
strip. The stiffness condition which prevails over most of the length of the 
angle at the tension end is similar to that of the interior portion of the 
Specimen T-4. Therefore, if specimens are to be tested similar to Specimen 
T-3, to provide load-deformation information, it would appear reasonable that 
wherever this information is appl ied to the interior portion of the flexible 
connection the load should be increased approximately 7 per cent for the same 
deformation. 
3. Discussion of Test Results 
The similarity in the load-deformation relationship of the specimen 
loaded in compression (Specimen C-l) with those loaded in tension (Specimen 
T-4) for low loads explains why the center-of-rotation (Appendix B) of a 
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flexible connection is located near the mid-length of the connection for low 
moments. Since the load-deformation relationship is the same at both ends of 
the connection there must be equal lengths in tension and compression; there-
fore, the center-of-rotation must initially be at mid-length. 
Plastic hinges adjacent to the fasteners and at the angle fil lets 
will form in the connection angles when the displacement is approximately 
.02 in. 
Specimens PS-2 and PS-3 were 1 3/8 in. long and were restrained over 
the ire n t ire wid t h by s te e 1 b 1 0 c ks . S pe c i me n P S - 1 , w h i c h was 3 in. 1 0 n g, was 
restrained only by the fasteners (about 1/3 of the length) and, therefore, 
would be expected to be less stiff than Specimens PS-2 and PS-3. A comparison 
of the load-deformation curves for the two types of specimens (Figures A-6 and 
A-8), shows the completely restrained specimens to be approximately 30 per-
cent stiffer than Specimens PS-l. This would indicate that stiffness is af-
fected by changing the fastener spacing, but the small variations in spacing 
associated with conventional design requi rements will not make this a 
significant factor. 
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TABLE A-l 
SPECIMEN PROPERTIES 
Fastener Lower Angle 
Specimen L1 L2 Diameter, g 1 92 Yield Thickness Number Point, ks i inches 
c- 1 4 6 3/4 2-1/4 40.4 .382 
PS-l 6 3 3/4 2-1/4 2-1/2 4].6 .353 
PS-2 6 1-3/8 . 3/4 2-1/4 41.6 .360 
PS-3 6 1=3/8 3/4 2-1/4 41.6 .347 
T-3 4 3 3/4 2-1/4 4004 .382 
T-4 4 6 3/4 2-1/4 40.4 0382 
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FIG. A-8 LOAD-DEFORMATION CURVES FOR SPECI·MENS PS-2 
AND PS-3 
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APPENDIX B 
BEAM-TO-COLUMN TESTS 
1. Introduction 
The adoption and rapid acceptance of the high strength bo1 t as a 
structural fastener prompted the initiation of a research program in the 1950·s 
to study the behavior of this type of fastener and various types of connections 
assembled with them. One such connection, the beam-to-column connection, was 
evaluated in the studies reported herein. 
2. Description of Specimens and Tests 
The specimens were designed for comparison with those used in several 
prior investigations, that is, with a column stub and beams projecting from 
either the web or flanges. This arrangement makes it possible to conduct two 
tests simul taneously (Figure B-la). 
The beams and columns were cut from rolled sections of material 
meeting the specifications of ASTM designation A7; rivets were furnished from 
material meeting ASTM designation A14l requirements; and the high strength 
bol ts met the requirements of ASTM designation A325-55T. The specimens were 
fabricated, except for bolting, in the shop of a large steel fabricator. 
Bolting was done in the research laboratory. 
Between the time of the initial series of tests and the present 
series, changes have been adopted in the high strength bolt assembly re-
quirements. In order that the present series of tests might more closely 
agree with the current trends in bolting, most of the high strength bolts were 
assembled without washers under the nut or bo1 t head, whenever this element 
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was the one in contact with the angle material. Also, a turn-of-nut method of 
tightening equivalent to the "snug plus 1/2 turn" method was used. 
Coupon tests were run on the structural material used in the speci-
mens and the resul ts are I isted in Table 8-1. 
The beam-to-column specimens were tested in a 600,000-lb. Universal 
testing machine with a setup shown in Figure 8-lb. Instrumentation used in the 
tests consisted of mechanical dials, SR-4 electric resistance strain gages, 
white-wash and photo-elastic materials. The locations of the dials and an indi-
cation of their functions are shown in Figure 8-2. All specimens had 40 in. 
moment arms. The ends of the beams were supported on rollers to reduce the 
res t r a i n i n g e f f e c t 0 f f ric t ion a I for c.e s to ami n i mu m . 
The test specimens are identified by combinations of letters and 
numbers that have the fol lowing meanings: the first character in the specimen 
designation is the letter, F or W. The F indicates that the beams are con-
nected to the column flange, while W indicates a connection to the column web. 
The second character is either a 8 or a K. This is a designation taken from 
earl ier versions of the AISC specifications and indicates whether the con-
nection angle leg is attached to the beam web with one or two I ines of 
fasteners, respectively- The initial two characters are followed by a number 
which indicates the rows of fasteners in the connection. For example, in 
Specimen FK-3 the beams are connected to the column flange, it is a K-type 
connection and there are three rows of fasteners. 
To gain an understanding of connection behavior, the following infor-
mation was obtained in the tests: moment-rotation relationships for the beams 
relative to the columns, the change in location of the center-of-rotation with 
inc rea s e i n mo me n t; and the con t rib uti 0 n tor 0 tat ion c a use d by s lip 0 f the 
angle leg relative to the beam web. 
Spec i men FK-3 
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Figure 8-3 shows the details of Specimen FK-3, the moment-rotation 
curves are shown In Figure 8-4. The bolt assembly consisted of 3/4 in. in di-
ameter A325 regular semi-finished hex bol t and a heavy semi-finished hex nut 
without washers, installed so that the nuts were against the connection angles. 
The angles were riveted to the beam web. 
The center-of-rotation was determined from the rotation dials by the 
procedure shown in Figure 8-5. The change in location of the center-of-ro-
tation with increasing moment is shown in Figure 8-6. 
A number of SR-4 electric strain gages were mounted on the web of the 
column, 1 1/2 in. from the face of the column; to provide an additional means 
of locating the center-of-rotation. The transition from tension to compression 
in the beam web wil 1 not correspond to the center-of-rotation as previously 
defined because the straining in the compression zone has a much steeper 
gradient than the straining in the tension zone· However, it is possible to 
determine the approximate difference in the location of the point of zero load 
at the surface of the column flange (center-of-rotation) and the point of zero 
strain in the column web 1 1/2 in. from the column flange. Consider the web 
to be a large plate with an edge loading of the same distribution as the 
column flange del ivers to the column web. Using the theory of elasticity it 
can be shown that the point of zero strain in the web, 1 1/2 in. from the 
exterior surface of the flange, is approximately one inch closer to the mid-
length of the connection than the zero load point on the column flange 
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surface. Figure B-7 shows the strain in the column web as the moment de-
1 ivered to the column through the connection was increased. 
Specimen FK-4AB 
Specimen FK-4AB was included in the program to provide a specimen 
with all bol ted connections. Figure B-8 gives the details of the specimen and 
in Figure B-lb the specimen can be seen in place in the testing machine. To 
examine the influence of washers on the connection stiffness, the south con-
nection was assembled without washers while washers were placed on the north 
connection. 
In addition to measurements of relative movement by the usual me-
chanical dials, measurements were also taken of bolt elongations. Strain gages 
were added to one of the connection angles to provide additional information 
concerning the behavior of the angles, particularly with regard to the center-
of-rotation. Because of the complex behavior of connection the 
flexible type, the location of a strain gage on one side of the angle would be 
very difficult to interpret without knowledge of the strain on the opposite 
side of the angle leg. For this reason, it was considered important to mount 
strain gages on both sides of the angle leg, as well as on both legs of the 
connection angle. To provide clearance between the strain gage and the 
column flange a 1/2 in. wide by 1/8 in. deep slot was machined in the column 
flange at each strain gage with the slot extending beyond the toe of the 
angle to provide access for the lead wires. On the angle leg against the beam 
web notches were cut in the beam web at each strain gage location to provide 
clearance and lead wire access. 
88 
The moment-rotation curves for the two connections are shown in Figure 
8-9. The effect of the washers was to increase the stiffness approximately 
lOpe r cen t. 
The strain gages placed on the angles have been used to obtain an 
indication of the location of the point of contra-flexure in the leg of the 
angle against the column flange and also to help locate the center-of-rotation. 
Figure 8-10 shows how the strains varied at a section 2 3/4 in. from the end of 
the angle, as the loads were increased on the specimen. The point of contra-
flexure as indicated by the strain gage readings was approximately 1 3/8 in. 
from the heel of the angle which agrees with photo-elastic evidence in 
Appendix A. 
Figure 8-11 presents the average strains along the length of the angle 
leg against the beam web. The forces in the leg necessary to produce these 
strains can be determined when the loads are low and the behavior is still 
elastic. The forces represented by the strains in the beam-connected leg pro-
duce a couple; and to satisfy the conditions of equil ibrium, the area of the 
tension zone should equal the area of the compression zone and the force 
represented by this area multiplied by the distance between the center of 
gravities of the two different areas should equal the moment appl ied to that 
particular connection. When the appl ied moment was 40 in.-kips the tension 
and compression resultants determined from the strain gage readings were each 
5.5 kips and the calculated moment resisted by the connection was 42 in.-kips, 
assuming both angles to be resisting the same moment. At 80 in.-kips appl ied 
moment the tension resultant was 10.1 kips and the compression resultant 
13.5 kips; if these two values are averaged the resisting moment is 97 in.-kips. 
Since only one angle was instrumented, it is possible that the other angle may 
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resist a different moment and discrepancies may exist between the actual appl ied 
moment and the moment indicated by the strain gages. 
Figure B-12 shows the location of the center-of-rotation with in-
creasing moment as determined from the mechanical dials. 
Specimen FK-4AB-M 
Specimen FK-4AB-M was added to the program upon completion of the 
test on Specimen FK-4AB. The specimen angles were machined in the laboratory 
to a 3/8 in. thickness from a 1/2 in. thick angle. It was fel t that the strain 
gages would provide more rel iable information if mounted on machined angles 
rather than being bonded to angles subject to the tolerances and deformations 
associated with standard roll ing mill methods and shop fabricating procedures, 
as was the case in Specimen FK-4AB. Mechanical dials were mounted in the same 
manner as on the other specimens to measure relative movements, and strain 
gages were mounted on one of the connection angles to obtain a quantitative 
measure of the strain distribution in the angles. 
As noted in Figure 8-8, no washers were used under the nuts but they 
were used under the finished-hex bolt heads in an effort to provide about as 
much restraint as would be provided by the heavy semi-finished nut. Moment-
rotation curves for the two connections are shown in Figure 8-13. 
The tremendous ductil ity of structural steel connections of this type 
is exhibited in Figure 8-14. Even at this extreme deformation, the ul timate 
or maximum moment capacity of the connection had not been reached. The test 
was concluded because the loading frame would not permit any more deflection 
of the spec i men. 
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Strain gage locations are shown in Figure 8-15. A somewhat different 
technique was used on this specimen to provide accesS to the strain gages and 
to provide clearance between the strain gages and the face of the column. 
While in Specimen FK-4A8, slots were machined in the face of the column to 
provide clearance for the strain gages, in this specimen cold-rolled strips 
1/8 in. thick were placed between the angle leg and the column flange. A 
2 1/2 in. wide strip was centered on each fastener and this provided a 1/2 in. 
wide access slot to the gages midway between the fasteners. The cold-rolled 
strip at the compression end of the specimen was wider and extended beyond the 
end of the connection angle so that the heels of the angles at the compression 
end would come into bearing on the cold-rol led strip. If the strain gage 
readings on the two faces of the angle leg attached to the beam web are aver-
aged, then effects due to flexing of the leg wil 1 be removed and the result 
will be a value of strain which can be attributed to the tensile or compressive 
forces acting in the angle leg. Plotted in Figure 8-15 are values of average 
strain along the length of the angle leg next to the beam web for various 
moments. 
The location of center-of-rotation based on data from mechanical 
dials is shown in Figure 8-16. 
The relationship between the point of zero strain along the 1 ine of 
the strain gages on the web-connected leg and the center-of-rotation is similar 
to that of Specimen FK-3 where the strain gages were mounted on the column web. 
Specimen FK-4AB-M had the strain gages located one inch from the face of the 
column, which was less than the 1 1/2 in. distance for Specimen FK-3. Since 
the strain gages were 1/2 in. closer to the column flange, the point of zero 
strain should be about 3/4 in. closer to the mid-length of the connection 
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than the center-of-rotation. See Figure B-17 for a comparison of the center-
of-rotation as determined by mechanical dials and by strain gages. 
Specimen FK-4P 
In this specimen the angles were riveted to the beam web and bolted 
to the column flange; the specimen configuration is shown in Figure B-8 A 
photograph of the specimen after the test is shown in Figure 18. There were no 
washers underneath the nuts. However, washers were used underneath the bolt 
heads to approx1mate the stiffness of the heavier bol t heads which were being 
cons idered for adoption at the time the tests were run. 
The moment-rotation curves are plotted in Figure B-19 and, as can be 
seen, there was 1 ittle difference in behavior between the two connections on 
either sides of the specimen. 
The location of the center-of-rotation for the specimen is shown in 
Figure B-20. 
Specimen WK-4 
Specimen WK-4 was included in the program to provide an indication of 
the contribution of column flange deformation to the overall connection ro-
tat ion. In the drawing of the Specimen (Figure B-21) it may be noted that the 
beam connections were made to the column web. The moment-rotation curve is 
plotted in Figure B-22 and the center-of-rotation location in Figure B-23. 
To obtain an indication of the change in stiffness resulting from 
different size bolt heads and nuts, the bo1 ts were assembled without washers 
under either the bol t head or nut. The nut was a heavy semi-finished type and 
the bol t was the regular semi-finished hex type. 
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Spec i men FB-4 
The connection designated previously as AISC Type-B are the type most 
commonly used in practice. Specimen FB-4 was one of that group. It was ex-
pected that this type of connection would be less stiff than the K-type con-
nection because of the larger rotation possible between the beam web and the 
angl e I eg connected to the beam web by a s ingl e 1 ine of fasteners. Therefore, 
this connection type should afford the minimum degree of restraint possible with 
flexible type connections. The details of the specimen are shown in Figure B-24. 
The resul ts of the connection tests are shown in Figure B-25 and the 
location of the center-of-rotation in Figure B-26. Since there was no important 
difference in behavior between the moment-rotation curves for the specimen with 
one or two 1 ines of fasteners, the number of I ines of fasteners did not seem 
to have any significant effect. 
Th i s spec i men, 1 ike some of the others, had st ra in gages mounted on 
the web of the column to provide an indication of the load distribution along 
the length of the column in the area adjacent to the connection angles. Figure 
B-27 shows the distribution of strain in the column web 1 1/2 in. from the face 
of the co 1 umn . 
Specimen FB-4A 
Specimen FB-4A was included to provide an opportunity to study a 
specimen which uses an erection procedure call ing for one of the angles to be 
shop riveted to the column flange while the other angle is to be shipped loose 
and to be bolted in place in the field. 
Figure B-24 shows the specimen in detail, Figure B-28 the moment-
rotation curves and Figure B-29 the location of the center-of-rotation. 
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Specimen FK-5 
To determine the effect of depth on the behavior of a connection, a 
specimen with five rows of fasteners was tested. The angles of K-type con-
nections are 7/16 in. thick in this size. This specimen had the connection 
angles riveted to the beam web and shop bol ted to the column. Figu!e B-30 
shows the specimen details, Figure B-31 the moment-rotation curves, and Figure 
8-32 the location of the center-of-rotation. 
This specimen had strain gages mounted on the column web to provide 
an additional measure of the location of the center-of-rotation. The data 
from the strain gage readings are shown in Figure B-33. 
S pe c i me n W B-1 OA B 
The largest specimen included in the original program was FK-5. 
When the original objectives of the program were enlarged to include an attempt 
to find an analytical procedure for p!edicting the moment-rotation character-
istics of flexible connections it was decided to add to the program a specimen 
with a connection comparable to the largest standard connections. This would 
make it possible to check the analytical procedure developed, not only in the 
middle range of specimen sizes, but at the upper 1 imit on a connection with 
10 rows of fasteners. A drawing of the specimen is shown in Figure B-34. 
The shape of the beam used to apply the moment to the connection angles has no 
particular significance. It was developed solely to util ize existing material. 
The end of the beam was an 18 WF 50 beam cut from a specimen previously tested; 
to this were welded plates to form a web and flanges as shown. Figure B-35 
shows the moment-rotation curves for the north and south connections, and 
Figure B-36 the location of the center-of-rotation based on the mechanical dial 
readings. 
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Al though a number of small angle-segment specimens had been tested 
with photo-elastic materials bonded to them, this material had not been uti-
1 ized on the beam to column connection specimens. Since the Specimen WB-10AB 
was the last to be tested in this particular program it was decided to put 
photo-elastic materials on one of the angles, in addition to strain gages, in 
the hope that this would give further information as to the location of the 
center-of-rotation and a better understanding of the behavior. It was not 
possible to mount photo-elastic material on both sides of the angles so the 
strain information is for only one side of each leg. Figure B-37 shows the 
location of the photo-elastic material that was bonded to the angles. 
3. Discussion of Test Resul ts 
The resul ts of the tests conducted in this program can be used to 
make comparisons between the behavior of riveted and bol ted joints and to in-
vestigate the behavior of specimens with one and two 1 ines of fasteners. In 
making comparisons, the angle properties and specimen geometry must be 
. con side red. (See Table B-1) 
The various fasteners and fastener assembl ies used in the tests have 
introduced several different restraint conditions. There was an all riveted 
specimen (FK-4R, reference number 6), an all bolted specimen with washers under 
all bol t heads and nuts (FK-4AB, North), an all bol ted specimen with no washers 
at all (FK-4AB, South), and a specimen with the connection angle riveted to 
the beam web and bolted to the column flange (FK-4A, bol ts assembled with 
washers) . In Figure B-38, these tests are compared. It appears that bolted 
specimens assembled without washers have approximately the same restraint 
characteristics as riveted specimens. The use of hardened washers increased 
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joint stiffness sufficiently to displace the moment-rotation curve somewhat 
from the resul ts of the test conducted on a connection without washers. There 
seems also to be a difference in behavior between specimens in which the angle 
leg fastened to the beam web is bol ted or riveted. Whether this can be at-
tributed to normal scatter or is the result of some variable is not apparent, 
al though it would be expected that the bol ted specimen would be stiffer than 
the riveted specimen since washers were used. 
Specimen FB-4 connections were assembled with rivets in the angle leg 
connected to the beam web and bol ts in the column-connected leg, while the con-
nections of specimen FB-4A had one angle leg riveted to the column flange and 
the remainder of the connection bol ted. Since rivets and bolts without washers 
have been shown to provide similar moment-rotation characteristics in the con-
nections (Figure B-38), the only difference in behavior that would be expected 
would resul t from the clearance provided for the insertion of the web bolts. 
Examination of Figure B-39 shows that this sl ip was considerable and had a 
significant effect on the restraint characteristics of the bol ted connection. 
This sl ip occurred at a rotation which would be reached or exceeded in most 
structures at working loads. If, in Specimen FB-4A the rotation of the angle 
leg connected to the beam web relative to the beam web is subtracted from the 
total rotation, then a behavior comparable to that of Specimen FB-4, which had 
the angles riveted to the beam web, is obtained. Specimens which have the con-
nection angles riveted to the beam web show 1 ittle effect from sl ip of the 
angles relative to the beam web because the holes are fil led by the rivet 
shanks. This suggests that where high-strength .bol ts are to be used, the 
moment resistance of the connection might be increased considerably by using 
interference-fit bolts. 
96 
Connections assembled with two lines of bolts in the web connected 
leg (FK-4AB) also exhibit very little sl ip of the angle leg relative to the 
beam web, but their greater cost would not warrant their use for the small ad-
ditional moment resistance they possess. Sl ip could also be prevented by an 
increase in bol t clamping force, possibly by the higher clamping force of the 
higher-strength bolts (ASTM A490) that have been adopted for use since these 
tests were completed. 
in order to determine whether column flange deformations are large 
enough, in comparison to the angle deformations, to affect the connection ro-
tation, a comparison of connections FK-4P and WK-4 is presented in Figure B-40. 
No significant difference is apparent between the specimens that could be at-
tributed to large column flange deformations. It would appear then that the 
column flange deformations can be neglected in most normal designs, but it 
would seem advisable to restrict the columns used to those with flanges some-
what greater in thickness than the angles until more is known of the behavior 
of the thinner flanges. 
The r e was 1 itt 1 e d iff e re nee ina n g let hie k n e s sin the s pe c i me n sin-
eluded in the program and therefore, the tests do not afford an opportunity to 
study fully the effect of angle thickness on behavior. Specimens FK-4AB and 
FK-4AB-M had connection angles of sl ightly different thicknesses but, the south 
connection of FK-4AB was identical in other respects to both connections of 
FK-4AB-M. A comparison of the test resul ts shows FK-4AB-M, the specimen with 
thicker angles, was somewhat stiffer than FK-4AB. The behavior of flexible 
connections, after inelastic straining is present over a considerable portion 
of their length, was shown in the body of this report to be related to the 
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plastic moment capacity of the angle material. The plastic moment for a unit 
length is equal to: 
M 
P 
(angle thickness)2 
4 uy 
From this expression it can be seen that the plastic moments will be pro-
portional to the square of the angle thickness and directly proportional to the 
yield point. Based on this relationship, the moment of FK-4AB-M should be 
approximately 1.14 times that of FK-4AB at the same rotation. This is borne 
out by the test results in Figure B-41. 
In Figure 42, spe.c.imens with one and two 1 ines of rivets attaching 
the angles to the beam web are compared. There is 1 ittle difference in their 
behaviors although there was a difference in the geometry of the specimens; 
FB-4 had a 3/8 in. fil let compared with a 1/2 in. fillet in FK-4P. This would 
tend to make FK-4P stiffer. On the other hand, the angles of FB-4 were thicker 
than the angles of FK-4P and would increase the stiffness of FB-4 relative to 
FK-4P. The effects tend to cancel each other, a condition evident in Fig. 42. 
Of considerable importance in the prediction of the moment-rotation 
relationship for flexible connections is the location of the center-of-ro-
tat ion. Table B-2 has been prepared to show the variations in the location of 
the center-of-rotation as measured by the mechanical dials. Comparison of the 
location of the center-of-rotation for the different specimens is made at 
equal values of deformation at the tension end. 
If the connection angles of one specimen are thicker than those of 
an 0 the r, but ph y sic alp rope r tie san d g e 0 me try are s i mil a r, the rat i 0 0 f s t iff-
ness of the tension end to the stiffness of the compression end wi] i be greater 
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for the thicker angle. This is because the stiffness at the tension end is 
proportional to the square of the thickness while at the compression end the 
increase In stiffness is directly proportional to the thickness. As a result, 
an increase in the thickness affects the stiffness at the tension end more than 
the stiffness at the compression end. Since the location of the center-of-ro-
tation is a function of the relative stiffness of the two ends of the con-
nection, the center-of-rotation should be nearer the center or mid-height for 
the thicker angle. Specimen FK-5 had 7/16 in. angles and its center-of-ro-
tation was closer to the center of the connection than most of the others. 
Washers also stiffened the bolted connections and this increased stiffness, as 
evidenced by a shift of the center-of-rotation to a point nearer the connection 
center for Spec imens FK-4AB(M) and FK-4A. 
Specimen WB-10AB appears to have had a center-of-rotation much 
further from the connection center based on mechanical dial readings, than all 
the others in spite of the fact that the angles were 7/16 in. thick. An ex-
amination of the specimen after the test showed the angle leg next to the beam 
web to be bent noticeably. This bending would have the effect of moving the 
center-of-rotation away from the connection center. The photo-elastic material 
bonded on WB-10AB shows the center-of-rotation to be about 80 per cent of depth. 
Increasing the length of a connection increases the moment that can 
be resisted by the square of the ratio of the length, if the maximum de-
formation at the tension end of the connection is the same in each case· When 
allowance is made for the difference in fillet radius, length and thickness, 
the moment resisted by WB-10AB should be approximately 3.5 times that of FK-5 
when its rotation is one-half of that of FK-5. This is what the data show. 
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Included in the program of tests also were specimens which were 
painted on their faying surfaces before assembly. No difference was observed 
in their behavior from the behavior of those not painted. 
TABLE B-1 
CONNECTION ANGLE PROPERTIES 
Fi 11 et Angle Elongation 
Specimen Angle Radius, Leg, Thickness, in 8 in., 
Number Size in. in. i no per cent 
FK-3, FK-4AB, 6x4x3/8 1/2 4 0352 28 FK-4P, WK-4 6 0357 31 
FK~4AB-M 6x4x3/8 1/2 4 .375 6 0375 
FB=4, FB~4A 4x3-1/2x3/8 3/8 4 0373 33 3-1/2 .370 33 
FK-5 6x4)(7/16 1/2 4 0451 29 6 .436 28 
WB~10AB 4x4x7/16 3/8 4 ,440 27 4 .440 27 
Reduction Lower 
in Area, Yield Point, 
per cent ks i 
54 39.3 
51 41.3 
43.1 
4001 
55 38.9 
52 38.8 
52 37.2 
52 36.4 
57 4001 
57 4001 
Ultimate 
Strength, 
ks i 
62.5 
65.4 
62.5 
60.6 
6002 
59.6 
63,6 
6308 
68.8 
6808 
o 
o 
Deformation 
TABL.E B-2 
COMPAR~SONOF CENTER-OF~ROTAT!ON LOCAT!ON AT 
EQUAL DEFORMAT!ON AT TENS~ON END OF CONNECT!ON 
ANGLES ~ BASED ON DATA FROM MECHANICAL DIALS 
Location of Center-of-Rotation Expressed 
as a Percentage of Connection Depth 
at Tension 
End in, 0,02 0,05 0,10 0,20 
Specimen Number 
FK-4P N 53 63 71 78 
3/8 in, thu S 53 65 74 80 
FK-4AB-M N 70 75 80 84 
3/8 in, tho S 70 77 82 85 
FK-3 N 50 68 77 82 
3/8 in 0 tho S 58 69 76 82 
FK-5 N 63 69 73 77 
7/16 in 0 tho S 63 71 75 79 
WK-4 N 67 77 82 85 
3/8 
I 
in 0 tho S 61 74 82 86 
FB-4 N 64 73 78 82 
3/8 in 0 tho S 58 69 77 82 
FB-4Ai', N 65 71 77 78 
3/8 in 0 th, S 64 79 85 88 
W8-l0AB N 84 92 95 97 
7/16 in 0 tho S 84 94 96 97 
fK-4AB N~";;'':'''' 51 62 68 75 
3 /8 I in 0 tho S 61 68 76 83 
FK~4R':k·7..';;"j;: 74 80 83 86 3/8 j n 0 tho 
FK-4A"·.i,":k'k 50 60 72 76 3/8 in 0 th, 
" Effect of 51 ip of Beam Web Relative to Ang1e Removed 
"';};:-;/;; 
North Connection Assembled with Washers 
d~;;::~::d":: 
Reference See Number 6 
1 01 
0.30 
81 
83 
85 
85 
84 
84 
80 
81 
86 
88 
84 
83 
82 
89 
96 
96 
79 
86 
87 
80 
a. Typical Specimen Shown Upside Down From 
Orientation In Test ing Machine 
b. Typical Test Set-Up 
FIG. 8-1 TYPICAL SPECIMEN AND TEST SETUP 
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APPENDIX C 
MOMENT-ROTATION PREDICTION BASED ON RESULTS OF 
TESTS ON ANGLE SEGMENTS 
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The information essential for the prediction of the moment-rotation 
characteristics of flexible type connections (the location of the center-of-
rotation and the load-deformation characteristics of the connection angle 
segments) can be determined from the results of tests described in Appendixes 
A and B. 
If the distance from the tension end to the center-of-rotation is 
taken to be 0.8 of the length of the connection (See Figure 3) the angular ro-
tat ion for a particular value of deformation at the tens ion end of the angle 
would be: 
Rotation .6T = 0.8 connection length 
In considering the behavior of the connection angles as they deform 
under the appl ication of moment we can assume that all of the rotation results 
from bending deformations in the outstanding legs and that none results from 
tensile deformations in the leg of the angle which is attached to the beam web. 
Justification for this assumption is based on the fact that any contribution 
to rotation resulting from tensile straining of the web connected leg is quite 
small when compared with the rotation associated with the flexural deformations 
of the column - or girder-connected leg. Since there is no significant change 
in the distance between the center-l ine of the 1 ine of fasteners on the beam 
web leg and the heel of the angle, it can be assumed that, between the 
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center-of-rotation and the tension end of the connection, the distance that the 
heel of the angle moves away from the face of the column is proportional to its 
distance from the center-of-rotation. Hence, for any given deformation at the 
tension end of the connection, the deformation can be determined by interpo-
lation at any intermediate point between the tension end of the connection and 
the center-of-rotation (Figure C-l). 
To determine the resisting moment of a pair of angles it is necessary 
to util ize the assumptions and relationships just discussed. Consider, for 
example, the connection shown in Figure C-l. The shape of the corresponding 
force block for the tensile end of the connection would be the same shape as 
the load-deformation curve of the angle segments in tension. (This approach is 
essentially the same as that used in ul timate strength design of reinforced 
concrete beams.) !f, now, the magnitude of the force represented by the force 
block is obtained, along with the location of the center of gravity, the lo-
cation and magnitude of the tensile force of the resisting couple have been 
determined. In addition, it may be assumed that the resultant of the com-
pressive force block is located two-thirds the distance from the center-of-ro= 
tation to the compression end of the connection (based on a triangular distri-
bution of compressive force). The resultants of the two force blocks comprise 
a couple whose magnitude is the resisting moment of the connection. See 
F i gu re C-l . 
For each assumed deformation at the tension end a corresponding re-
sisting moment can be determined as outl ined above. Then it will be possible 
to plot the values of rotation and moment determined for each assumed defor-
mation of the connection. These points, when connected by a smooth curve, 
will be the moment-rotation curve for a flexible connection with the properties 
of the angle segments used in the tension test and of whatever length was 
assumed for the flexible connection. 
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The steps requ i red for the establ i shment of each plotted point for 
the connection moment-rotation curve are: (1) assume a deformation at the 
tension end; (2) divide the deformation by the distance from the tension end 
to the center-of-rotation (0.8 of connection length) to obtain the connection 
rotation; (3) construct the force block for the tension portion of the con-
nection using the results of a load-deformation test conducted on a pair of 
angles with the same physical properties and geometry; (4) determine the lo-
cation and magnitude of the resul tant of the tens ion force block; (5) take 
the resul tant of the compression force block to be two-thirds of the length of 
the compression region from the center-of-rotation (0.93 of connection length 
from the tension end) and to have a magnitude equal to the tension force block; 
and (6) calculate the magnitude of the couple produced by the two resul tants 
to determine the moment being resisted by the connection. 
Computed moment-rotation data are correlated in Tables C-l, C-2, 
and C-3 with resul ts of tests conducted on actual beam-to-column specimens. 
The agreement is good and shows that it should be possible to determine the 
moment-rotation characteristics of a wide variety of connections with various 
combinations of gage, material thickness, and connection length using the 
above six steps. The correlation also verifies the use of short lengths of 
angle in tension to determine moment-rotation characteristics. 
Tables C-1 and C-2 present predictions based on a changing center-
of-rotation as was observed in the tests and tabulated in Table B-2. In 
Column 7 of the tables an adjustment is made for stiffness based on observations 
of Specimens T-3 and T-4 described in Appendix A. In Column 8 an adjustment 
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is made to compensate for the difference in yield point between the small 
tension specimens (PS-l) and the full size specimen (FK-4P). Comparisons are 
made in Table C-3 between actual test resul ts for Specimens WK-4 and FK-4P 
and predicted results determined with a center-of-rotation assumed to be 
located at a distance from the tension end of the connection equal to 80 per-
cent of the connection length. Adjustments were made for stiffness and yield 
point as in the case of Tables C-l and C-2. It may be noted that the 80 per-
cent value for the center-of~rotation location provides predicted moments 
s 1 i g h t 1 Y 1 e sst han the act u a 1 mo me n t s . 
Assumed 
TABLE C-l 
COMPARISON OF PREDICTED MOMENT~ROTATION DATA WITH TEST DATA FOR SPECIMEN FK-4P 
Note: Moment-Rotation Relationship is predicted for connection angles with tensi le 
properties of PS-l (Appendix A) and Center~of-Rotation the same as Specimen 
FK-4P (Appendix B). Geometry of PS-l and FK-4P is simi 1ar 
2 3 4 5 6 7 8 
Length Force at Distance Stiffness Correction 
Deformation of Angle Rotation, Tension Between Predicted Adj ustment for difference 
at Tension in Ten s i on , "k rad i ans End, ,'n\"k ips Tension and Moments 
End, inches inches Compression in-kips 
.05 
.10 
.20 
.30 
j'C 
i','";', 
i'e"/,,', 
Q;'\·~/n'\",:.'( 
Resultants, 
inches 
7.36 .0068 25.2 6.96 175 
8.4 .0119 34.2 6075 231 
9. 1 .0220 43.1 6.54 282 
9.42 .0318 47.7 6.52 311 
See Table B-2 (Appendix B) 
Based on Load-Deformation Curve for Specimen PS-l (Appendix A) 
See results of tests on Specimen T-3 and T-4 (Appendix A) 
Appendix B 
x Predicted in Yield 
Mom 0 'if~~ln'\ Point, 
x 1.06 39.3/41.6 
185 175 
245 232 
299 282 
330 312 
9 
Observed 
Moment, 
Speci men 
F K - 4P ,'(d'd,"k 
210 
248 
300 
337 
+:>. 
<X> 
Assumed 
TABLE C-2 
COMPARISON OF PREDICTED MOMENT-ROTATION DATA WITH TEST DATA FOR SPECIMEN WK-4 
Note: Moment=Rotation Relationship is predicted for connection angles with tensi le 
properties of PS~l (Appendix A) and Center-of~Rotation the same as Specimen 
WK-4 (Appendix B) 0 Geometry of PS=l and WK~4 is simi lara 
2 3 4 5 6 7 8 
Length Force at Distance Stiffness Correction 
Deformation of Angle Rotation, Tension Between P red i cted Adj ustment for difference 
at Tension in Tens i on, ,', radians End, 'b',k ips Tension and Moments x Predicted in Yield 
End, inches inches Compression in-kips Mom o ,'t',',',;-':; Point 
Resultants, x L06 39.3/4106 
inches 
005 8063 00058 2905 6.83 202 214 202 
.10 9042 .0106 3804 6064 255 270 255 
020 9077 00204 4604 6045 300 318 300 
030 10000 00300 50062 6045 326 346 326 
~i:: 
See Table B-2 (Appendix B) 
~i\:~~~ 
Based on Load~Deformation Curve for Specimen PS-l (Appendix A) 
._):; ''d':.; ';/:; 
See results of tests on Specimen T-3 and T-4 (Appendix A) 
,',~·)r~:/~,·;t'r 
Appendix B 
9 
Observed 
Momen t, 
Specimen 
WK - 4,b';:,'ck 
220 
245 
284 
312 
~ 
to 
Assumed 
Deform. 
at 
Tension 
End 
inches 
.05 
.10 
.20 
.30 
~'i~ 
~i:;~f\ 
,'r4\i'e 
7:f""}rJ1\J'e 
TABLE C~3 
COMPARISON OF PREDICTED MOMENT-ROTATION DATA WITH TEST DATA FOR SPECIMEN WK-4 AND FK-4P 
Note~ Moment~Rotation Relationship is predicted for connection angles with tensi le properties 
of PS-l (Appendix A) and Center-of-Rotation assumed to be 0.8 of length of connection 
from tension end. Geometry of PS~l, WK-4 and FK-4P is simi lara 
2 3 4 5 6 7 8 9 
Difference P re- Stiffness Correct- Observed 
Length Rotation Force Between dieted Adj ustment tion for Moment, 
of rad i ans at Tension and Moments x P re- diff. in Specimen 
Angle in Tension Compression in=kips dieted Yield WK - 4 'k.,.,;'j"'·/' 
Tens i on, <k End, 'j'n', Resultants, Mom 0 -;',"'-)",', Point 
inches kips inches x 1.06 3903/41 .6 
9.2 .00545 31.4 6.78 213 226 213 214 
9.2 .0109 37.4 6.66 249 264 249 250 
9.2 .0218 43.5 6.53 284 301 284 290 
9.2 00327 4605 6.55 305 323 305 320 
See Table B-2 (Appendix B) 
Based on Load-Deformation Curve for Specimen PS-l (Appendix A) 
See results of tests on Specimen T-3 and T-4 (Appendix A) 
Appendix B 
10 
Observed 
Moment, 
Specimen 
FK - 4P --"'\"::"':,',,"-,, 
194 
245 
291 
330 
Ul 
o 
8 
6 
Load on Two 
Angles Per Inch 
of Length, Kips 4 
2 
/ ( 
I 
151 
-
V---
o 
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Deformation, Inches 
LOAD-DEFORMATION CURVE-SPECIMEN PS-I (APPENDIX A) 
CALCULATION OF MOMENT-ROTATION CHARACTERISTICS 
OF FLEXIBLE CONNECTION FROM RESULTS OF TENSION 
TESTS. 
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